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MUTUAL INDUCTANCE OF TWO HELICES WHOSE AXES 
ARE PARALLEL 


By Chester Snow 


ABSTRACT 


—— are obtained for the mutual inductance of two helical wires whose 

re parallel. The formulas are given as series in oblate spheroidal harmonics. 

principal part is the inductance of the two corresponding current sheets, the 

\r ection terms being small when the coils are closely wound, so that the pitch 
nall eompared to the diameter of the cylindrical form in each case. 
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I. INTRODUCTION 


The principal part of the mutual inductance between two helices 
whose axes are parallel is that between the two associated current 
sheets. This approximation may not be sufficient when the inductor 
is used for absolute electrical measurements of high precision. In 
this paper formulas are obtained which, in addition to the principal 
term, contain correction terms of the first and second order in the 
small quantities, such as the ratio of the pitch of the windings to their 
cylindrical radii. 

The electromagnetic force between currents in the helices may be 
btained by differentiation with respect to their relative coordinates. 
Such helices are not used as often as coaxial ones, although they do 
occur, for example, in the Ayrton-Jones type of current balance as 
used by the English National Physical Laboratory. 


II. DEFINITIONS AND INTEGRAL FORMULAS FOR THE 
MUTUAL INDUCTANCE OF TWO HELICES AND OF 
THEIR CURRENT SHEETS 


The two helices are shown in figure 1. The axis of the first, A,, is the 
r-axis; that of the second, ho, is the line in the zy plane parallel to the 
c-axis at a distance r from it, where r=0. If r=0, the helices are 
coaxia 


619 
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The cylindrical radius of the first is a,; its pitch, 27p,; and its axial 
length, ,=2rp,Ni, where N,, the “total number of turns,” ' 
restricted to be an integer. The “number of turns per unit 
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is hot 
axia, 


length” is n}=1/27p,, not necessarily an integer. The initia] Plane! 
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z=2,,, contains its initial point, P;,, and the end plane, z=z,, its end 
point, P,,, so that 1,=2rp,Ni=2z.,—2;,>0. The current sheet, S, 
“associated with the helix, h;,” is the cylindrical surface (generated by 
rotating the helix about its-axis through an angle 27), upon which 
there is a surface current of unit strength (in electromagnetic gs 
units), uniformly distributed, the direction of the current at any pout 
being that of the helical filament passing through that point. This1s 
equivalent to defining the current sheet as that pert, included between 
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‘he terminal planes z=2, and gu, of an endless cylinder which is 
completely covered by a helical tape winding of axial breadth equal 
‘o the pitch, so that no insulating space is left between successive 
windings. The angular current is n,;=1/2rp, per unit axial length. 
The axial current 1s 1/2ra, per unit length along a circular arc for 
which z is constant. 
If subscripts 2 refers to the second helix, hs, or its sheet S2, it follows 
from this definition that the mutual inductance, Mo, between the two 
| current sheets is given by the double surface integral taken over the 


two sheets. 
l i Y Y 
— | . sf [ F(a —211,64,0:)dSs 
-) AM _ Qn Ley , “2x "Leg ile 
: pasts |, ao, day | a... dik (2—21,01,82), (1) 


' cos (6.—6;) + p1p2/a;a2 ; 
a 65 => —_—— —— OO) 2 
Mn, 7101463) Byo(%2—2} 01,82) @) 


where 


and R,, is the distance from a point P,(x,,y:,2;) on S; to P2(2x2,y2,22) 
on 83, so that 


Ry (22 “21,0; 02) = (%2—21)?+ a} + a3—2a,d2 cos (6.—4;) 
+r?+-2r(a. cos 6.—4a, cos 9,).] (3) 


The name “mutual inductance”’ is used here for the Neumann integral, 
so that when it refers to an unclosed circuit the implication is that the 
mutual inductance of the part (lead wires, etc.) which must be added 
to close the circuit must be evaluated by a Neumann’s integral. 
With this understanding, it is evident that the term p,p2/a,a2 in the 
/ numerator of eq 2 gives rise in eq 1 to the mutual inductance of the 

axial currents in the two sheets, whereas the term “‘cos (@.—6,)”’ gives 
rise to that due to their angular currents only. 

In the integral (eq 1) the two independent variables, z,, 6, are 
| cylindrical coordinates referred to the axes of the first cylinder, and 
%, 6 are cylindrical coordinates referred to the axes of the second 
cylinder, so that the angles 6, and 6 each range over the interval from 
/ zero to 2m. If 2, y1, 2; are the rectangular coordinates of any point 
P; on S;, the position of P,; may be specified by assigning the pair of 
_ cylindrical coordinates z, and 6, (with cylindrical radius a), or it may 
| be specified by assigning the pair of semihelical coordinates @,,, 4,, the 
; equations of transformation being 


= 24 t Pir—Oy) \ 0<6,<24 (4) 
Yi=, COs 8, » where =A. Om NT 
2;=q, sin 0, 0:0; S0., =O, +20, 


Considering the pair of variables 6, and 6, for this range as two 
independent parameters which suffice to determine the position of 
P, on S;, eq 4 are the parametric equations of the cylindrical surface 
‘. The locus of the equation 6,,=constant, is a helix, h,, of pitch 
2rp, lying on S;, while the locus of the equation @,=constant is a 
straight line of length 2rp, (or less) lying on S}. 
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When the point P;(2,y,2;) is also on the helix h,, this may be desig 
» 7P ZA » § ZA .] iv » o 3 a 
nated by Pp, (Ln, Yr» Zn,), the Za, Yay and 2Z,, being given as in eq 4 
with the understanding that 6;, is a given constant and not a variab 
parameter. 
The equations 


9 


Lig + P2(B2— 8.) 
Yo=r+d, cos 6 }, Where 
E 2 a, SIN & | \ »=6,,+24N, 


are the parametric equations of the sheet S. when 6, and 6;. are both 
variables. The locus of the equation 6,,=constant is a helix h, oj 
pitch 2p. lying on 8S). 

The mutual inductance (Neumann’s integral) of the helices, h, ani 


ho, 1S 
"81 "2 cos (ds,,dsy) 
i‘ “4 ts) a a 


taken along both helices, where s, and s, denote total length of are. 
From eq 4 it is found that the element of length ds; has the magyi- 
tude 
ds, == -y (aj + p?)d6, 


and the direction cosines 


dx, PA dy, ay, sin 6, dz, a, COS 0; 
I = f « == ~ =9 Is = —— = — =) 1s a r = - =* 
GS, Vai +p; 1 Vait+p, @. vyai+pj 
The total length of the helix is s,, where 
3, =2aN. Oe ot Va? 2 
PS Geet vaAT P| a+ py 
1 


where /, is its ‘axial length.”’ 
The same formulas, with change of subscript, refer to ho, so that 
b t b 


ds,,ds_ cos (ds,,ds2) = aya] cos (0,—0,) +20 Naa,ao, 
12 


Hence the mutual inductance of the two helices is 


9e, Gey ‘OS (0.—9@ ) + pypo/a,a2 
M=a nf, do, po ate a. 
— 6, On B Ry2(Lig—2n4 19182) 


Be, Oe, > 
= ats |, ao, { d0.F (Lng — Zn 91,92) , 
9, 2 


where z,, is a function of 6; only and z,, of @ only, given by eq 4 and 
5, the @;, and 6, being constants. 

In the general case of helices whose axes are merely parallel, not 
necessarily coaxial, and whose terminal planes are arbitrary, eq 1 for 
the current sheets is sufficiently complicated, but eq 9 for the helices 
is even more troublesome. So far as we are aware, neither of these 
integrals may be evaluated in finite terms in general, although the 
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frmer may (in the case of coaxial current sheets) be so evaluated in 
‘erms of the three complete elliptic integrals. This is Jones’ formula.! 

The present paper 1s limited to what may, for brevity, be called the 
practical case, in which the two current sheets do not cut or touch each 
other, in fact they do not lie at any points close to each other. More 
precisely, considering the pitches 2rp, and 2p, as infinitesimals of 
the first order compared to finite lengths like a), a2, then the distance, 
?, of a point P; on S, from a point P; on S,, is, for all points, P; and 
| P,, finite (not a small quantity of the order of the pitch). The various 
expansions in infinite series to be obtained below for the current sheet 
are not subject to this limitation but cover the ‘impractical’ cases 
Falso. The restriction is necessary, however, in order to obtain a 
practicable quantitative expression for the relatively small difference 
hetween the mutual inductance of the two helices and that of their 
associated current sheets. 

If f(z,@) is a continuous and single-valued function of position on a 
evlindrical sheet S, it must be a periodic function of 6 with period 27, 
and the line average of f along a helix on S is obviously very nearly 
the same as its surface average over S, provided that the pitch is 
small. 

In the following section the two are compared, and an expression for 


their difference is obtained to the second order of small quantities 
inclusive, and application is made to the problem in hand, because, 
with closely wound coils, the precision of electrical measurements at 
present attainable requires formulas valid to the second order. 

~The general case of coaxial helices has been treated in an earlier 
paper,? so the emphasis here is upon the noncoaxial case. 


III. DIFFERENCE BETWEEN THE FORMULA FOR THE 
MUTUAL INDUCTANCE OF TWO HELICES AND THAT 
OF THEIR CURRENT SHEETS 


Certain problems relating to the helix could be treated more ele- 
» gantly by the use of semihelical coordinates or by orthogonal helical 
ones. A plane rectangle ruled with two mutually orthogonal families 
; of straight lines could be wrapped around a cylindrical surface, and the 

parameters defining these families would be orthogonal helical coordi- 
nates. However, it has been found by trial that the comparison of a 
line integral along a helix with a surface integral over its sheet may be 
inade most simply by the use of ordinary cylindrical coordinates 
r, 0) because the x limits and @ limits of the surface integral are inde- 
pendent of each other. 

As the preliminary formulation applies to either helix A, or he, the 
: subscripts may be omitted. In figure 2, with z as abscissa and aé@ as 
ordinate, the rectangle represents the development of the cylindrical 
sheet S. The helix h is the system of parallel lines whose separation 
in the z-direction is Ar=2rp=the pitch of the helix. The slope of 
these straight lines in figure 2 is p/a. 

The variable 6 lies between zero and 2z, and the initial azimuth. 6;, 
also lies in that interval, but the end azimuth, @,, as defined in eq 4 or 
5, does not, since 0,=0;+-2rN. We, therefore, (for the moment) dis- 


'J.V. Jones, Proc. Roy. Soc. (London) [A] 63, 198 (1898). 
nae; a, Mutual inductance and force between two coaxial helical wires, J. Research NBS 22, 269 
1¥00) 13. 
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tinguish between 6. and @., where 0,=0,—2rN’=6,+2r (N—N’ 
where N’ is the largest positive integer which is less than or equal to 
6,/2x. When 86, is thus chosen, it lies in the interval, 0<6,~<9, 
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indicated in figure 2. The points Aj, Ay, .... Ay’ have abscissa 
Zn, Where 
In=2,— pO,+nAz for n=1,2,3,.... N’. 


Hence the equation of the helix for figure 2 is 

Inp=2,+p(6—O;) when 2,Sr<2, and 0,S0<24 
=7,+p0 when 7, Sr< 7,4, and 0<0< 22 forn=1,2,3,....1 N’-1 
=27,+ p(@— 6.) when ty =r< 2, and 0<0<6.. 
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76) be a finite, continuous, and single-valued function of posi- 


cep nons. Its, therefore a periodic func tion of its second Prine pan 


ith period 27. The same character is assumed for f’ (2,0) and 


Wiltil 


(+), where primes denote partial derivatives with respect to the 


reument. 
ai nee, by eq 6, the line integral along a helix of f(z,6)(a?+-p’)~ is 


Vis fiende= [finan 


*2¢ N’—1 
f(x, +-pla— 6,|,0)d0 + | 10 >of (tn+ p0,0) 
i, 0 a=1 
we 


$ f(r - p[@—0,],0) de. 


The terms in the summation represent the principal part, the first 
and last integrals being relatively small (of . first order). Hence 
in them the integrand may be expanded by Taylor’s theorem as a 
fonction of its z-argument, about the terminal values of z, so that 


en. a 
tp. ta | fe, 6)ds= a dé pa f (tn+ p0,9) 
1 


O, jaa 
La va dOL f (0,0) +p0—B.)f" (1.,0)] 
0 


+a a LO| f(x:,0) + p(O—8,) f’ (x4,0)]. (10) 


To transform the summation, consider the following integral taken 
with respect to z, holding @ constant, 


n’- Int+Ar 


| 2,0)de= = yt ¥, z,0)dz, (11) 


where the integral is taken along the diana’ dotted line passing 
through P, and P in figure 2, the latter point P being the general 
point of integration with abscissa r=2,+(4—z,), so that expanding 
fas a function of x (with @ constant) about the point P, on the helix 
in this n” strip, we find 


[Fema a “Fty+ [2 —m],6)dx 
- Le "[Fen0) + (e—ay)f" (as,6) + 2 f(t) | 


On performing the integration with respect to z ae z, being 


constant), these become, after placing 7,=7,+ 70, 
[iic,0)de— 


2xp| frat p00) + p(w—8)f" (a +- 0,0) +5 El ‘+ 5 [Peat 70) 


e 
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so that eq 11 becomes 


In’ 
f(2,0)dz= 
ry 
n’—1 


=2ap 2) 


n=1 


' , j p* 2 , ” } 
J n+ 8,8) 1 p(x—6)f (on +- 0,0) +5 (- +e | (z,.+4 pO,6) | (1) 


Applying the same formula to f’(z,0) gives, after multiplying by 
p(r—8), 


p(xr— ofr (x,0)d2r= 


N’~! 
=2ap 3 | p(n—0)f (ent 70,8) p?(w—8)3f" (t,+p8,0)}, (12’ 


—n=1 


which carries the approximation to the same order as in eq 12. Also, 


by eq 12, we may write to the same approximation 


pt | 7" @ede—2ap Dp" +f (Xn-+- 0,0). 


Subtracting eq 12’ from eq 12, and making use of eq 12’’, gives 


N’-1 
Doh (an p6,6) = 
n=1 


( @) J ” 
[ide ao) + ( os 1,6) + (@—7)?- Frey 


On integrating the second and third terms, this becomes 


Dieu +p0,0) = ph | Ieode— 3 “If. Hepde+ [) fte.0) dr} 
+(* Fe ew 0) Fe) 


+2] 0-#—F |’ w0) —f' (0,0)). (1 


In aoe of smallest order we may place f’ (zy,0) =f" (x,,6) and 
f' (2,0) =f’ (z;,0). In the terms involving f(zy,@) and f(2,,6), which 
Bh ect to the principal term, are of first order, we may place 


FS (enr,8) =f (Le— P6e;9) =f (x.,6) —poF’ (x.,8) 
Ft (xi,9) =f (x,+ p[2a—6;],6) =f (x;,0) + p(24r— 6,)f’ (2;,8). 


| Zi 1 poiealt | | 
A oe dx ipl - iain 


2r—6, 


*) [Jees0) +5 (2"—6,)f" (206) | 


Also 
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F (2.50) + (x—2, fh’ (2,8) 


— | 100) “EF (ra) } 


By use of these expansions, eq 13 becomes 


n’—1 
= Fe, -+ p0,0)* sof f(r,0)de 
(SV 00) a =F) | Foo) 
. Qe z ‘ah = tet 
‘0 6;- / 
~(55"7) teu (97) - mr vi 


The series on the right side of eq 10 is found by multiplying this by 
aig and integrating from 6=0 to 6=2r. Equation 10 then becomes 


a Ly a 2n Ze 
=> f se.a)as = f a { drf (7,0) 
\ oC 7 Pp’. 0 “7p, 0 Zs 
iw-G—O 1, ae yr 9) 
7 | fe208) | A([* 5 
,o—4.— -a- 
; * | feat) +o | : + 
—(6;— 
“i 5 1 Hira) 6) 4 A(*= 
T9—9.—r71° ae 
| fest (| ° 3 7 —) f(x,,0)}- (14) 


To reduce eq 14 to a more convenient form, consider the function 
§(4,—0), which is an odd periodic function of its argument with period 
27, having a finite discontinuity when its argument is zero or 27n. 
It is defined for all other values of its argument by the series 





=sin (0;—68) 


6(6:—8) =D) 


n=} nr 


(15a) 


SO that 

8(4;—9) -3-(*5"), when 0<6,;,—0<2r 
; . (i5b) 
-*), when—27r<0,—0<0. 
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Equation 14 may therefore be written 


- |, feeds xo { [ femas+ 


viiiainnd p08? (6,.—8) — 7 lr eno) 


_2a ( delp0(0,—0)f (2,6) +| 202(0,—0) — = | #" (x, 6)!), ire 
<a 0 d6p0 (61 0)f (x:,0) | P 9 (0; 6) 12 i (24, 8) ’ (16 
“ J } 


where @, has been replaced by @,, the distinction between the two be. 
ing now no longer material, since 6, appears only i in © (6.—8), which 
is a periodic function of its argument with period 2r. 

The parenthesis on the right of eq 16, which has the factor 1/27), 
contains three orders of magnitudes. The first, or finite term, is the 
surface integral of f taken over the sheet S. 

If eq 16 be divided by 2xNa, the first member becomes 1/s f* fds= 
the line average of f taken along the helix. The principal term on 
the right becomes 1/SSSFAS, which is the surface av erage of f taken 
over S. Equation 16 is therefore the required relation giving the 
difference of these two averages as a relatively small quantity in which 
two orders of magnitude have been retained. 

By two successive applications of the transformation represented jn 
eq 16 we may convert the two successive line integrals along the two 
helices (which represent their mutual inductance, M) into two suc- 
cessive surface integrals over their equivalent sheets plus small cor- 
rection terms. To begin this, eq 9 may be written 


M= rr sf f (22,02) (17) 
the integration being along the second helix, 
F (2,2) 2 =Ta ds.Fe,— 11, ,62), 


the latter integration being taken lw the first helix. 


By use of eq 16 


1 
Fests) =52( f , aS, (e.— 25h) 
Qe 
a 2a; | do,{p,0 (6., —4;) F'(2%2—Zz,,6;,62) 


—| pj8?*(6. a =P F" (a. —2z,,61,6:)| 
vail f seats” Bi 61,02) 


pie" (0, —6,) ~"i lr (t2— 2400) ) 
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\pplying the theorem (eq 16) to eq 17 gives 


ie 
M= san { J aSif em) 


2a cial \ . 8 aa 
- 2A [ dbs} 7:0 0x, 0:)f (ey 0) + P20" (Be. — 9 a)| 


Jv 


2n 22 
—20[ 18,\7:0(04—8.)f (16) + p20" (8,.— 85) 7" f (110): (19) 


We may now introduce into the various integrals of eq 19 the ex- 
pressions for SF (X22), F(eqs92), F(Ltg)92), F” (Leq,42), and f’(x4,,82) obtained 
fr mm ee 18. We retain only three orders of magnitude. 

ice f’ occurs only in the second-order terms of eq 19, we need 
ae the principal part of f’, which is the 2,- derivative of the principal 
term in eq 18 so that we place 


a 2r ae | 
(22,8 =f af da, PF” (2— 21,0; ,02) 
nas “TP 1J0 Zi, 


a . 
oe "do Fara Ley) ,02) — F'(2— 24, 501,82) 

This is required only for the constant values z,=z,, and 2,=2,. On 
making these substitutions and taking account of eq 1, it is found that 


Ta - im 1 sf er aie i aes 
M = M t ro 12 T WW 2177 


+ w (Ley t419 44 )9e,) — W2 (20901196119 ¢q) 
+ Wa (Line}y9e399 9) — We (2 4541) 1459 to) } ’ 
where 


622 (tats, ty Ota) = 
24M, [ta {dul » 28 (61,— 62) - -p,0(0,-0) |=" ot +P) F’(x12,,91,92) (21) 


and 
Ltt; =Tt;—- Ltr (22) 


where the subscript ¢ suggests “terminal,” so that 2.2.4, is any one of 
the four possible distances between terminal planes, one of which is 
a terminal plane for the first sheet, the other for the second sheet. 


Each of the four z-differences represented by Listy namely, 
sci _— — er —— aati isi pe 99? 
%et, Le, L1) Lee, Le, Vey Lie, 21, Leys L1,1,=21, “1, (22 ) 


may be positive or negative. The notation 0, indicates which ter- 
minal azimuth of No. 1, and @, which terminal azimuth of No. 2 is 
associated with a specified x-difference. 
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The second-order term, w2, is an even function of its z-argumen; 
but the other terms are not so simple for 


Wie | | dS,2d, db. 


[p20 (8, — 92) F(a, — 21,0; ,82) — p20 (01,— 82) F(x1,—2,6; ,02)] (234 


and 


. 2x 
W, | fasiza, fs, 


[p19 (8, —6,) F(2.— Le 101,82) — p,9 (8; —) F(x2—2;,,6;,62)]. (23) 


30 
If the integrals were left in this form, it would be necessary to djs. 
criminate between the various cases arising out of the possible com. 
binations of positive and negative signs among the four z-values. 
The formulation of these cases would be tedious and awkward becaysp 
of their lack of symmetry. 

This may be avoided without any loss in generality by transforming 
all the z-integrations of eq 23 into others in which the z-argument of 
F has the same algebraic sign throughout the range of integration, 
To do this, we may write eq 23a in the form 


WW - = ao eo 6.) dr, F(x, “U1, 82) 
0 0 Liy 


Fey 
| 


The first z, integral is — p29 (8; — 62) dx, F(x, — 2; ,61,02)| 
| 
Zy } 


F(x, —2,) da, = [ren — [Few 
Tiy 0 0 


The second is 


Peey-ridn [ rterae— | Fier, 
Zi, 0 0 
so that 


2a 2r { L egiy L egey 
We: ran ae | a|poe, 1 F(z’ ,0;,02)dx’ — F(x’ ,0;,02)d2’ 
0 0 0 0 


Tige, Tigi 
+ p28(6,,— 42) F(x’ 0, ,82)dx’ — F(x’ ,0;,02)dzx' 
0 0 
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} 
Snow } 


Similarly, 


W, — 


ar Lege, Tige; 
date |, a dé, 00 —6)] F(x’ ,6,,02)dx’ — re 59; 02 ae’ | 
ay 0 0 


A Toyi, 
eine F(x’ ,0;,02)dx’ __ Fea’ p0.)de" | 
J0 A 
Adding these gives 
Wr2+ Wa= 
= 0 (eyt, 19 1,99e,) — (2e,¢,9¢,19¢,) -+ W) (© i,¢,9¢,591,) = (2484994), 


where 


} (2 1,1,91,191,) = 
tot 


2mya {a | dosip.0(, —0,)—p,0(0, —9;)| | F(x’ ,0,,02.)dxr’. (25) 
0 0 : ’ 0 


This definition makes w, an odd function of its 7 argument. 


The mutual inductance of the current sheets may be put in a similar 
form by writing the 2,22 integrals of eq 1 


[e[estenn [es [Pere fae [rere 
Thy Tig Ti; 0 Ti, 0 


In the first of these double integrals let 2” =.,,—z,, and in the second 
Het 2”=z2,—mnm. The first becomes 


Ze, Tey—Zi Leg—Zi, “a 
1 | F(x’)dr’ dx” F(2’)dzr’ 
i ) Lele, 0 
Len iy af Tage aa 
dx” | F(x’)dx’— | dx” F(x’) dr’. 
0 0 0 0 
[he second becomes 


i: is Tigo ‘41 zr” 
fe [re ‘(x’ dx’ [- [me \dx’ - [2 [row 
0 


a eq 1 gives as the mutual inductance, M), of the two current 
sheets 


M.= |e (gt) — (exe) +o (4¢) —eo (24) (26) 


1 
4r*pip2 


ae 2x z + 
w(x) =a, { da { do, { a” [ ae" Fw’ 6,0), 
J0 e 


which is an even function of z vanishing with z. Its x derivative, 
w(2), is an odd function of z vanishing with it. ; 


where 
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An interpretation of the function, w(x), may be obtained by con 
sidering the special case where 2, =a, and 2,,=2,,, which is 


asa 2a (x) = 
a iD 2nNw(Z), 
where 


L=%e1,=Liges == 


and n,=1/27rp,, N= 1/2rp,=number of turns per unit axial leng 
This shows that w(x) is one-half the mutual inductance of the om 
current sheets, when they have the same end planes, their commo 
length being |z|, and when each sheet has one turn per unit axial le neth 
(both axial and angular current in the sheets). 

Collecting these ‘Tesults, the mutual inductance, M, between the 
two helices (their Neumann’s integral) is 


M = ny no{w (e514) 14 Fey) — 0 (Xeo¢119¢119e9) + w(2i5¢4,8 €99 ty ) 


7 © (£1.14 194919)}, 
where 


0 (2514391419 ty) = Wo (iy1,) + wy (2 191419 1439 19) + Wo (L941 4914yF 19) » 


where w, is given by eq 26’, w, by eq 25, and w, by eq 21. The z-differ- 
ences, 1.1, between terminal planes of the current sheets and the 
terminal azimuths, Ox and @,,, associated with each of these are given 
in eq 22 and 22', It is now apparent that eq -28 is general, whatever 
combination of positive and negative signs the four z-differences may 
have. These signs are automatically taken care of in the definitions, 
eq 26', 25, and 21, of wo, w, and w,, respectively, which shows that 
and w) and w, are continuous even functions of 7, w, being an odd 
function of z. 

It is evident also from these definitions, that w, and w) (and hence w 
are periodic functions of the terminal azimuths 0, and 9,,, since @ is 
periodic with period 2x. The period of w will be seen to be 27 for each 
angle. C onsequently, @ (Lt, t95 Bu) 6.) is developable in a double 
Fourier’s series of sines and cosines of multiples of these two angles, 
the development holding for all values of the angles and the coefficients 
being functions of z,,,, (and of r, a, a2) 

Since wy, is the finite term, both the terms (cos (6,-6;) and p,p2/a,a; 
(constituting the numerator of the expression (eq 2) defining F’) - 
be retained in evaluating w). But since « is in general an infinitesimal 
of first order and w) of second order, the term p,p2/a,dz is negligible i 
the definition of F’, which is used for evaluating w, and w, (since terms 
of third order have been neglected). 

The system of subscripts in the designation of the three associated 
variables (21, 4) 91, 91 .) has now served its purpose of indicating which 
pair of terminal azimuths is associated with a given 2z-difference. 
From here on in the study of the w functions we adopt the simpler 
notation (x, 6,, 6) for these three associated variables and place here 
for reference, see eq 22 and 22’, 


L=Lety = =O; 92> 61, 


w (2;0;,02) = w(x, 1,9 44191,) 
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This change necessitates a change in the notation of the variables of 
‘oration so that eq 26’, 25, and 21 may now be written 


. (2) = a2 f, da’ i da’ i” d6,! {, 09) pew (30) 
12 a 


W} (a 591,02) = 


[a { do,’ ¥ dé,’ | [pe ie) (0, —@, »/)— -p,9 (0 SD a cane a 
12 ’ 


w)(2,0),02) spp taaf de,’ fi dé,’ |Pi pif 0° (0,—0,’) — 3 
0 
jecos (6; — 6) 


31 0? (82— 8, ~ Saeed 32 
pi] 0 (02 6.) — 5\- 2Pip2 0 (0,;— 6;)0(8- — 65) JR (yr 0,85) (3 ) 


12\4) 
Equation 28 becomes 
w (2,0; 82) = wo (x) + w; (2,6; 02) + w2(x,0;,02). (33) 


In the relatively small terms w, and w, a sufficient approximation to 
the exact expressions 

sin n@ nr §=©@.cos n6 : 
+>. — and 67(0)—--=))—; (34) 


P= | nr 12. n=] nr 


0(0) = 


cos 26 


0(0) = "(sin e+3 sin 20) and e(0)—-5=4 A(¢ cos ae i —}- (35) 


9 


Using this approximation, eq 31 becomes 


' Dx a Qe : 2a if i . ia : 
Py 10.) = "Ean { dz’ { a6, f asp sin (4,—4,) +5sin ay 
U 0 0 0 


\cos ( _ 


vl 
ee ee ak 1 og :. 
py sin (0; 62) + 5sin 2(4; a) | Balai (36) 


and eq 32 becomes 


Z 1,29 on . , \ 
1,0;,02) = _ fo [ co, pif cos ( {—0,) +5.c08 os 


+ pif cos (0;— 62) +7 cos 2(6;—0) | 


9D 2 
“7 


— |s in (6;—4) +5 5 Sin 5 sin 26,—6,) | 


sin (6/—6,) +2 sin 2(0—0, 208 i="). (37 
” (05 0) +5 sin 2(0,—4 eee (37) 


For reference is placed here an alternative approximation 
62(9 = 1 : 6 } 0-9-9 
}* ( ps —sin 5 , when 0<.6<.2r 
9 6 ’ 
° 
=F (1+sin 5) when —27<.0<.0 


269047419 
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which is seen to be a good approximation, since 


S2ia == 1,032 


i 


and 


1 
- 
AJ 


e sin (2n— 
at ap } when 0<0< 72/2. 
For the type of expansions required here the three-term approxims. 
tion for 6* given in eq 35 will be used. It has about the same precision 
as the two-term approximation, eq 38. The latter is equivalent to 
one used ° in considering coaxial helices, as it led to a simple expressioy 
for the term corresponding in that case to w,, which was in finite terms 

A comparison of the approximate expression adopted for 0(6) and 
for 6?(6) —II*?/12 in (eq 35) with the exact series (eq 34), for these func. 
tions shows that we have retained only the first two terms of the series, 
and have arbitrarily inserted the factor x?/9, which is slightly greater 
than 1, and in fact it is sufficient to replace this by 1 in the second- 
order terms. 

In the following section the w-functions are expanded in a double 
Fourier’s series in the terminal azimuth angles 6, and 62. 


IV. EXPANSION OF w IN A DOUBLE FOURIER’S SERIES OF 
THE AZIMUTHAL ANGLES 


In figure 3 is shown the projection of the two parallel cylinders 
upon the yz plane, and rj. is the projection of the distance R,, from P, 
to P2, so that 

R2Z,=27?+r2, where r=2,—2}. (39) 


The z axis being taken as the axis of cylindrical coordinates, a, and 
§, are cylindrical coordinates of P;, but the cylindrical coordinates of 
P, may be taken as r, and 63, as shown in figure 3. Since rz 1s one 
side of the triangle P,0,P., the other two sides, a, and r2, including 
the angle 0,— 62, 


ri,=ai—2ayrz cos (0,—42) +73. (40 
Since 1/R, is an even periodic function of the angle (6,—4;), its Fourier 
series may be written 
] 9) © 


_~ Vanrs 24 €n Pn (x,01,72) cos n (0; —6.), (4] 


1 : 
where «=, and e,=1, if n#0), and where 


— 


Qa 
cos n(0;—62)d9, 


Va,r2 iT Ry 
0 


dn(t,di,r2)__ 1 


and 2, d;, 72,6; are held constant in this integration. 


3 Reference 2, p. 259-261. 
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Another integral representation of this function, which will be 
derived later and which involves Bessel’s function, J, is 


b, (ZX "9 Ro 
oltre) — [Fett (ayt) Ju rd) (42b) 
0 


74 


7 
Vv U2 








FicurE 3.—Projection of the two helices upon a plane perpendicular to their axes. 
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( 


This integral may be evaluated, the result being a function of 4] 
single dimensionless variable k, so that 


1 
dn (tjQ1,72) kth I (n +5) 


Vay? Qa aire T(2n —~ ]) 


le 


: 1 1. 
P(nt5ntsy2n +1;k?), (43 
where 

4a;r2 
PE (atr)” “ 


k= 


and where F is the hypergeometric function. It is evident that th 
function ¢,(¢—%,7,7:)/vrri is a solution of the partial differentig| 
equation 
cin Coe 
D: Dp? = D saceaba a — ( 5 
( iii lit vrr; (45a 
and also of 


1 n?\ on 
2 ate 2 Pcs ai: anim Se 5 
(D; }Di+~D,.—%)7==0. (45h 


It is further evident that ¢, is a symmetrical function of the two sets 
z,r, and 2,7;, becoming infinite logarithmically when they approach 
coincidence. It is the Green’s function and the nucleus of many 
integral equa ‘ons which arise when a solution of eq 45 is required 
and which ha. assigned values (or assigned values for its “surface 
density of charg’) on surfaces of revolution about the z-axis. Thus 
the function 


Vo (z,r) a $o(a—2y,7,7:)/V rr, 


is a potential at a point P whose cylindrical coordinates are zx and 1 
It is symmetrical about the z-axis and is due to a unit circular line 
charge distributed with uniform linear density over the circular are 
of radius 7; in the plane z,, which is coaxial with the z-axis. 

More generally, if n is any integer, the function 


Pn (x a 7,11) 

Vrr; 
is the solution of eq 45a at a point z,r, due to a unit circular line 
“source’”’ at 2,,7;, In the sense that the solution of eq 45a, whose 


surface density of source o is given on any surface of revolution 
(z,;=function of 7r,), is found by integrating 


o(71) dn(t—2%4,7,71) 
vrry 


where ds, is an element of the generating arc of the given surface of 
revolution, lying in a plane through the z-axis, and the integral is 
taken between the appropriate limits. If o is known, this gives the 
solution, but if the function is assigned, this is an integral equation 
to determine o, after which this integral gives the solution. The most 
appropriate expansions of this nucleus of the integral equations 1n 2 
given coordinate system are those which are the canonical bilineat 
expansion of the nucleus in terms of its normal functions for that 
system. 





2nr,ds,, 





Inductance of Parallel Helices 


‘he role of this function ¢, for solutions of eq 45a, having assigned 
i on surfaces of revolution, is as fundamental ‘as that of 1/RBo, 
» the general theory of electrostatics, and in fact its expansion in 
: ormal functions follows from that of 1 [Ry by eq 42a. 
Some coordinates pertinent to the problem of this paper may here 
»me ntioned. 
“The first is the spherical coordinate system. If the values of a 
solution U of eq 45a are assigned on the sphere made by revolving the 
circle 2+ri=Ri about the z-axis, and ‘R, ¢, @ are the spherical 
coordinates of P, while (Ri, &, 6;) are those of fe where R=2z’?+7’, 
-7/R and tan 6=y/z (where @ is the same as in cylindrical coordi- 
tes), then it is known that 


2>26, cos n(@—9;) Dae =e) PeQyit?'Pett je” (46) 


Be P n=0 oe n = 1) 
when R>R,. (with interchange of R and R, for the case RR). 
The expansion corresponding to eq 41 is 
2 
a ve pos ena 21,7,71) cos n(O—4A), (47) 
1P 1 
so that 


Gn(C—H1 771) _ 2 T'(m— n+) pr 


Piminti)! Oe Pa) EP (48) 


Vrr; m=n 


when R>R, (with interchange of R and R, when R< Rf), where 
pr(t) is the associated Legendre function (Ferrer’s). This is the 
canonical bilinear expansion of the nucleus in terms of normal func- 
tions for the spherical surface R, by means of which solutions of 
eq 45a may be found when their values or the values of their source 
density on the sphere are assigned. 

When the solution of eq 45a has assigned values on an oblate 
spheroid, oblate spheroidal coordinates are used. The bilinear expan- 
tion for this nucleus in such coordinates is used in a later section and 
applied to the limiting case where the spheroid becomes a circular disk. 

The expansion in toroidal coordinates is also intimately related to 
the — problem, the function ¢,(k) being a toroidal function 


on (k) =— Qn =0n-4( 1), where Q, is Legendre’s function of the second 
nd 


ki 


; The derivation of eq 42b may be made by use of Heine’s integral 
ormula, 


i r) 
—— 2 oS = —|zlt, . A 

Ry» V2?+r2, fe Jo(riat)at sai 
Using Neumann’s addition formula, 


o(?i2t) = Dn (Ait) In: (rot) et 1-8.) 
m=—@ 


illu (at) J, (rot) cos n(A,;— 43) 
n=Q 
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gives 


p= 2d C08 1 0,03) [er t In(ayt)Ja(rat)dt, 5 
vi2 n=() ' 
which, by comparison with eq 41, gives eq 42b. In the eXPansion ‘ 
(eq 41) or its equivalent (eq 51), Te r, and 6; are functions of 6, 
Since r is one side of the triangle, P,0,0, (fig. 3), the other Sides, 7 

and dg, including the angle (r—8@,), 


r3—=r’?— 2ra, cos (r—6,) +43. 

wh 
To obts ain the Fourier’s cosine series in 6; and 62 for 1/R,., the term 

J, (ryt) in the integrand of eq 49 must be expressed explicitly in 


terms of these angles. Hence in the expansion (eq 50), the tern 
Jn, (Tat) e722 must be expanded as a Fourier series in 62, and for this 


more general formula than Neumann’s addition formula (eq 50) is 
required. 

Neumann’s addition formula is a special case of a more genera] 
addition formula derivable from that of Sonin,* which, applied to the 


triangle P,0,02, may be put in the form 


Tn, (r2t)e~ = 2 8 ny—ng (Tt) Ing (dat) e~ 122, 


a TT - ° the 
Using this in eq 50 gives cor 


) © ; 
Jo (rit) = » > > Jn, ng (TH Tn, (Ait) Ing (dat) 89-292) | (54 
m=—@ Nni=—-e@ 
By use of this expansion in eq 49, the double Fourier’s series expansion 
of the function 1/R,». defined in eq 3 is found to be wh 
1 1 oo [-) cul 
= | om 
R, (r 6. A») 2 Pring (, P,Q ,A2 2) emis "262) 
12 \% 991902 y 102 m=-© m= 


1 © © 


cz DD bnyyng(X,7521,02) COS (149, — N26.) 
V¥ Q&d2 m=-2© m=—@ is 
. . fj 
which may be written mi 


yA 
ae Stam COS 7; (6.—4) def 


Ri (2,6; 02) "aya <5 “ m= 


co) © ) 
+20 > dn No INo cos [(n + N2) 0; — 262] ’ 
n=1 n=—©@ tre so 


I ——_ 
RaG@,Outs) Th 


@o @o 


9 
== D>) SS en| bmp + On np) COS 148; COS 282 - 
a,agn=o n3=0 1\ 


+ (Pn, 2ng— Pry »—ng) sin N44, sin nabs} (56" 


Nielsen, Handbuch der Theorie der Cylinder Funktionen, p. 287, Teubner (1904). 
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The coefficients ¢7, nz are even functions of z, which are represented 
by 
a @o 
ny.np (097 21,02) = Vas [ e-'* ny—ng (Tt) T ny (Ait) Ing (dat) dt» (57a) 


Sourier’s Tul 
or by Fourier's rule, 
lavas (2%, (27, cos (n10;— 7262) 
4(2,7 14,2) =V%1& | do, | da. "= » 57b 
Pny,ng\/y" 1) r= 0 1 ‘Site Ryo (x,0;,92) ( ) 


which shows that $n),-n9=-—n,n. On inserting the expansion (eq 56) 
in the three equations, 30, 31, 32, noting that 


[ee—a cos n6,d6,=* sin n6,,ifn~0, =O0if n=0 
0 


[e@—% sin n6,d6,= —= cos né,; if n~0, =0 if n=0 
0 


‘2 , e : Tr 7 r? 
| 0° (6;— 6). cos n6,d6, = "> cos n6, if n~0, = § 
0 ) 


’ if n ==) 
the Fourier’s series for the function w is obtained. The term wp 
corresponding to current sheets may be written 


(58) 


where the principal part of w is w,, due to the angular component of 
current in the sheets. The term 


P1P2 
Ww 
a, a2 ” 


is due to the axial components of current in the sheets and is an 
infinitesimal of second order. 
The functions w,, and wo are special cases of the function wn, 


| defined by 


eT i: i 
Wny yng (247,01 ,42) =4 yaaa | de” [ Ax’ Pnyyng(X’ JP 1,A2), (59) 
0 0 


so that 
eee 
Ww’ nyyng (2,7 sy ,A2) =4r° A,a; dat! bny5nq(X" ,7 01,2) - (60) 
1%2 0 


The first-order infinitesimal w, given by eq 31 is found to be 


©\sin n6 
0 (2,0),02) = — py 2 sine [oo n4-ayt (2,71 2) +’ n—1y-1 (2,701 ,42)] 
n= 


2\sin n(r—62) 
—P2 >> ner ane [eo n4-ty1 (L,7,@2,01) + w’ n-1)-1(2,7,42,41)], 
n= ) 
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and the second-order term w, derived from eq 32 becomes 
w2(x,6; 82) 
cos 76; 
n —s [dns 191 (2,7, 12) i i Pn-1)-1 (2,74 ,2)] 
2 


Bo). , 
sb n41,1 (2,7 82,01) + bn-1,-1(2,7,42,41)] 


@ © 1 ; 
= Pipo >) » : [(bn,+1,-n,+1 + bn,—1,—n,—-1) COS (2,9; +262) 


m=1 n=1 Ne 


ss (bn,+1,044 1+ n,-1),-1) cos (n0,—n)} (62 


where the arguments of all the ¢-functions in the double series ap 
(x, T, @, a), respectively. In deriving these expressions from th» 


expansion (eq 55), we have made use of the fact (shown by eq 57) 
that $-n,,—n, = n,n, and also of the relation (shown by eq 57a tha; 


n,n, (2,7 A 2) bas Png yn,L,T 12,11) ’ (63 


which obviously hold for the functions Wn n, and 0" n tgs 


The approximate expressions for 6 and 6? given in eq 35 merely 


indicate that w, is found from eq 61 by retaining only the first two 
terms of each series and inserting the factor z*/9, while the second-order 
term, w2, is sufficiently represented by merely extending the n,, an\ 
N> Summations each from 1 to 2 in the series given in eq 62. 

In the case of coaxial helices (r=0), eq 57a, shows that 


n,n, (210,142) = $n, (2,41,2)5n.n, = n, (k) bn ngs 
where 


Sinai 44,02 
a+ (a,+42)* 


and 6,,,.,=1, if mj=m2,=zero otherwise. Equation 61 shows that 
w,=0, and eq 62 shows that 


sy >— An psprV HD Ibn-a(k) + bas ()] SEAS) 
n=1 : 
where 6,—6, is the azimuthal difference of the two terminals. 

Hence the surviving terms are equivalent to those previously 
obtained for the coaxial case in eq 49 of the paper quoted (footnote 2). 
The terms 11220; (2X), NyN2wo9(X), NyNqw-(x,0,— 92) of this paper correspond 
to wo(r), wz(x), and wa(7,0,)(0z=0,—6.) of that paper, where m) 
= 1/4m*p pro. | 

For the coaxial helices in a current balance, the term w, compared 
with w, was found to be 10 parts in a million. 

To derive a formula by which the mutual inductance of the two 
helices may be computed in the general case, where their axes are 
merely parallel, it is necessary to obtain expressions by which the 
functions nn, and their first and second partial integrals with respect 


to z may be computed. None of the integrals, eq 57a, 57b, 59, and 
60, may be integrated in finite terms, so we are driven to expansions 





an 


it 
10] 
in 
di 
In 


m 
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series. Such expansions in oblate spheroidal harmonics are ob- 
‘ined in the following sections. 

" By reference to the relation (eq 63) it is evident that n,.n,9 where 
», and Ng are any integers (positive, negative, or zero), is obtainable 
hy interchange of the arguments, a, and a, when necessary) from one 
of the following three irreducible cases: 


Case A; n2=n,>0 
Case B; 0Sm<n 
Case C; n2<0 and n,;>0 


However, this requires that we obtain expansions for ¢,,, in these 
three cases, Without committing ourselves to a restriction that a.< ay, 
-hat is, one that is valid when a, and a, are interchanged. 


vy. PARTIAL DIFFERENTIAL EQUATIONS AND BOUNDARY 
CONDITIONS SATISFIED BY THE FUNCTION 4, ,, 


19°92 


From the differential equation satisfied by Bessel’s function, com- 
bined with the integral representation of ¢p,,., in (eq 57a), it is found 
that $n} .n9 satisfies the two partial differential equations 


n? dn n . 
Shir =(0, where n=n,—n2.=0, (64) 


[re me 
\D?- TP —D, . == = 
iia ai Fo 


nt Pryyn, 


oe geelt tall ™ 
RAI =, (65) 


yp et 
a + a4. 
and also a similar equation, where a, and 7, are replaced by a2 and nz». 


we abe 


As to boundary conditions, it is evident that Bea vanishes when 
V/a,02 
JrP+r—so,or when ¥7?+a2—>0©. The function is also regular in the 
neighborhood of r=0 or (a;=0) and is finite, continuous, and single- 
valued in general and an even function of z. 
The partial derivative with respect to z, ¢,,,,, 18 an odd function of x. 
Defining o by 


bn,yn,(+0,7,01 02) d,, 


n.(—0,7,01,@2) 
2a ad, 


| Ae | 


2a aya, 





= i tJn,-n(rt) Jn, (ast) Jp, (at) dt, (66) 


it will be seen that ¢ must be zero when r< | @,;—a2 | and when r>a,+ 42, 
lor the integral representation (eq 57b) exhibits n,n, aS & double line 
integral around two parallel circles of radii a, and a2, x being the 
distance between their planes and r the distance between their axes. 
In the case m=n.=1, the function ¢, multiplied by 4n?a,a2 is the 
mutual inductance of the two parallel circles. 
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Equation 57b may be written 
| : 

2a 2a 
a, COS N,6,d8, 


4a yaya, Dn, yn, (2,7) Ay COS NOB, 
Ry, 


Pa Pas 


j i 
: i Az SIN Nb.d0, a sin ms 06, 
Ry» 


(67 
0 


Each of these integrals is a special case of double-line integrals takey 
around the two circles of type 


a : e » fi (0; ds 
(a) = [r(0as. {2 i 


ds, = a,d$, and ds,= apd, 


where 


are elements of are of the circles, Rj. being the distance between the 
two points of integration, P; in the first circle and P, on the second, 
The first of radius a; may be considered in the plane r=0 coaxial 
with the x-axis, the second parallel to it has its center at a point whose 
cylindrical coordinates are (z,7,8). Since 1/R,» is so fundamental in 
the theory of electrostatics, and because electrostatic problems are 
familiar to most of us, some guidance may be obtained by availing 
ourselves occasionally of an electrostatic interpretation of integrals 
involving the factor 1/R,, in the integrand. Thus the first line integral 


in eq 68, which is 
Ai(6:)ds;, 
Re 
is the electrostatic potential at any point P, on the second circle when 


the first circle is a line charge with linear density Me's Hence, if 
the second circle is a line charge of linear density /2( _ then 


—¢' (xr) = —D,o= [ A) E,ds,, where E,== —D,V 


the r-component of the electric field of the first circle at any point P; 
of the second. Consequently, —¢’=F,=the z-component of the 
force which the first circle exerts upon the second. Clearly this 
vanishes when r=0 if the circles do not touch or intersect in this 
coplanar position, that is, 


¢’ (0) =0 if 0<r<|a,—a,| (69 
=O0ifata<crce. 


In the remaining case, |a;—a2|<r<a,+4d», the circles intersect if they 
are brought into the same plane while keeping r constant. This 1s 
the case for which figure 3 is drawn, assuming a,<q (but the argu- 
ment may be made by reference to that figure, keeping in mind the 
other possibility, <a). In this case the values of 6, and @, corte- 
sponding to one point of intersection Po are called 68 and 6%, respet- 


a on 
sv th 


The | 
of int 


Wl 
infin! 
finite 
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inter 
whic 
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ng 1 
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tively. The angle 2y between the intersecting ares may be taken 


8 the § angle 0; Fr 50>, so that 


py=e—8, where 0O<6}<-m and 


so that OS 2 Yr 


(70) 


The coordinates, 0?—=2r—@ and 62=2r—62 refer to the other point 
of intersection Po. 

When the two circles approach the same plane (*#-+-0), the 
infinitesimal ares in the neighborhood of Py (or Po) contribute a 
nite amount to their mutual repulsion F, in the z-direction, because 
R, vanishes at Py (and Po). Ares at a finite distance from these 
point S contribute a vanishing amount to Ff, The curvature of the 
intersecting ares becomes irrelevant, but of course the angle 2y at 
which they intersect is important. The value of the integral may be 
computed as in the case of two endless straight-line charges approach- 
ng intersection, their linear charge densities being variable, but only 
the values of these densities at Py (or P’) being effective. If we 
allow for discontinuities in the functions f; (6;) ) and fo (02) (as for 
example in eq 31 and eq 32 , in the integrals defining w, and w.), we 
find, when |a,;—a,|<r<a,+a@ and ¢, defined by eq 68, that 


ae h(a the 0) (62-+0) +-fo(@2—0) 
Ee or ce \e 2 ) 
a +0) + aC ‘o-— “oy (ue (0'3+0) 4 ho 20) 
i+0) fi “1a=-0) (0 + 0) —f2(62—0) ) 
pen SAO fe (6'8-+0) —f, GRO" Le 


For the case where f, and f, are continuous Sie this becomes 





— 4" (+0) = soy [Mf () +f O8Yfo(02)] (71') 


Using this in eq 67 leads to the following expression for the o defined 
in eq 66: 
g==0 if O<r<A; 
= 2 cos (n,69— ne) . i A A 
~ (Az— Az) sin 29 inte 
=( if A\<rs<@ 





where 
A,= a,+a, 
, so that 0<(.A,< A). 
Ay |, — Qe 


The absolute value |a,—a,| is used for A:, so that we need not commit 
— on the question as to which of the two circular radii, a; or 
, 1s the larger. 
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The second member of eq 72 is a function of r, since 6° and &® and 


2y=@—@ are functions of r. However, it is more convenient te 
reverse this and to express ¢ and r as functions of ¥, which may }, 
done by expressing 6? as functions of y. ; 


To do this we define & by 


py” .U—-& 


“ata ae | alia Soo 
b=y1 SE -(4) 0<H<1 

o 6a+4a, A; 
Considering the triangle O0,P,0, of figure 3, it is evident that 


r= (aj—2a,az cos 2y+-a3)'= A, (1— & cos? p)3 
He _% wy \Y/ , _% -aw \ 
a( ay” ne ay ) 


, 2 
sin 2¥= av (AIP PAD) 





a, cos 2¥—dy 
. and 4 

d, sin 2 . a, sin 2 
2 - y sin = 1 : y 


a,—d, cos 2y 








cos = cos )= 
sin 6°= 


From these relations it follows that 





2% 1—b 
—ae~24¥ — are 24v\3 | ——— e249 
ein tee (“ A2€ ) 1+& i ge 


2 





— ae 
— (1—8 cos*y)! 


iy __ 
ig0__y€ a (ge -_ 
m4 2 pt(O¢+2y)_ (77b) 


When considering 6? and 62 as functions of r, a,, and dg, this may be 
indicated by writing @=6%(r,a,,a2) and 68=62(r,a,,a2). It is evident 
from these definitions that when we interchange the arguments «, 
and a2, 6{ goes into r—62 and 6% goes into r—6@, that is, 

9 (r,d2,0;) = 27 —68(r,a;,a2) (78a) 
and 

62 (7 ,d2y41) sizes il 82 (71,42) . (78b) 


On the other hand, 2¥(—é68— 6) is unaltered by interchange of argu- 
ments a; and dy». 
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By eq 77 we may write (if Y (_) denotes the real part) 
nmi—-n 

1- +£& m—ne ain] 11 —fo ow | ; 

cos (mh — nat) = (+) 7 


[1—&§ cos? We 
Ga nile 
2 


= ni— =a (m—ne+1). 
(8 cos’ y) 2 
m—N3 —& cos 2(k-+ mm) 
SoG F8) rE N.—k) 
Race ay (aye a 


(1—£ cos? y) 5 i 
on (-nte a2) cos 2ky 
ET0tn,—brd—mte). 

















Hence, if we define the integer n by 
N=N—N, So that n=0 in all cases, A, B, and C, (79) 
while m2 may be positive or negative, then 


jos enetmeelian tive atone a — — — when 02r<A, 





eae ($8) _Te+n 
BrA?sin2y\ 2 , (1 — Heos*y)# 
cos 2(k-+n.) 
a8 (ize) r(k+1)r(1+n—k) 
when A,<r<A; 
=) — — — — — — — — — — when A)<reo 








In case n=0, this series reduces to the simple term cos 2n¥, so tha 


_  2cos2my 
Omym"" (Ai— A3) sin 2y 





Quite a different electrostatic interpretation of ¢,,,, will now be 


useful, If 2, r, and 6 are considered as the cylindrical coordinates of 
a point P in space, the function V(z,r ,9) = (a,d2)~ 4b ntyn2(Z,1 01,2) 
COs (N1—2)0 is the Newtonian potential at any point P due to a simple 
distribution of charge upon the annular surface (A;<r<.A;x2=0), whose 
surface density is ¢ cos (m,—M,)0, so that the o defined by eq 66 or 80 
plays the same part for solutions of eq 64 that surface density on the 
annulus plays for solutions of Laplace’s equation. 


In the following section an expansion for $,,,x2 is obtained in terms 
of the normal functions of oblate spheroidal coordinates, these being 
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used because in terms of them ¢n,,2, admits of a single expansio, 
valid for all real values of x and for all positive or zero values of r, g, 
and d:, whereas ordinary spherical coordinates require three differen; 
expansions according as 0<r<A2, A,<rSAj, or AySrXS o, and the 
expansion in the second of these cases is somewhat complicated, |) 
this respect, toroidal coordinates are superior to spherical but inferio; 
to spheroidal, as the expansions require only two cases. 


VI. EXPANSION OF ¢,,,, IN OBLATE SPHEROIDAL 
COORDINATES 


Instead of the cylindrical coordinates (z, r, 6) the (oblate) spheroidal 
coordinates, £, 7, @ (the same @), may be used to designate a pont iy 


space, where 
r= Aitn : 
_}, where : (8] 


r=A,y (1—#)(1+7’) 
Solving for ~ ad n gives 





-v[2?+ + Ay)" Ile? + @7— Ai)? 


it ¥ [x?+ (r+ Ay) UI: 24° i = 


Also from eq 81, we find 


dx?+-dr= Av +n°)| T—BT +9? 


The locus of the equation, n=constant, is the entire surface of the 
oblate spheroid, whose equation is 


tab) 


dé dr’ } 


a? / A2n?+-r?/A?(1 +7’) =1, 


whose foci aré at (r=0, r=+A,). In particular, the locus of 7=0is 
both sides of the cireular disk (r=0, OSr, SA,), at the edge of which 
¢=0, and é increases from zero to 1 on the side r=-+0 as the point 
passes from the edge to the origin, or z-axis, while & decreases from 
0 to —1 on the side z=—0 as the point moves down to the axis. 
The locus +1 is the positive x-axis, and =—1 is the negative 
z-axis. 

The hyperboloid which is confocal with every such spheroid whose 
equation is 

—2'/AE+r/ AI) =1 


must be considered as the two loci, that half for which x>0 being 
the locus £=£,>0, and that for which r<0 being the locus &= —£,<0. 
Large values of n correspond to points far away from the origin, since 
1+-7?=(2*+-7)/A?+. The differential equation (64) becomes 


2 on nN 
Dé. —#)D)— 7p} A= — [Dal 199) D+ 
12 


n? ny ,m 


84) 
1+ 7 Vaid, \ 
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which has solutions of the form 
Pn, n; 
Va,02 


where P(é) is a solution of 


=P(é)R(n), 


2 
D{Qa—# P| wut 1)- ip |P=0, where P’=D;P (86) 


and R(m) is a solution of 
Dild+9)R\-| wut D7 |e (87) 


N=M— No. (88) 


As shown in the preceding section, it is sufficient to consider n=n;— Nz, 
where n is a positive integer, or zero, while mn, is either positive, 
negative, or zero, and 20. Equation 87 goes into the same type 
as eq 86 in the independent variable z, where »=7z. 

One solution of eq 86 for the case where —1<.é<1 may be taken as 
P=Pi(), which is (Ferrer’s) associated Legendre function. This 
reduces to the accepted value when yan integer, if we define it, for 
general values of u,v when|1—£|<2 by 


oy ey A-#)P(uty+1) _1—é 
PLO= Sr Gey Fey metab Let 2 } _ 





We make use of the two recurrence relations 

(2u+ 1L)EPLS) = (u—v +1) Puts) + (atv) Py) (90) 
Out1) ($9) Px) =— (u—v $1) wads (® + (ut) Wt 1) Py). (91) 
Also when n is a positive integer 


Ph(é) =(1—#) DEP, (6). (92) 


We require also the following expressions when u=v-+s, where s is a 
positive integer or zero. 


gy i=et I'(s+2v+1) 
rts 2 = F(e+1)F(»+1) 





P(—ss+20-+19+17'54), if |I—E1<2 (93) 





. _ (=1)'2n(1—#)? P(s+-v+4) 7 
P) +25 (€) =~ Vr T(s+1) I 


(—1)'2°1(1—#)7 F(s+v+$) 
Vr T'(s+1) 


(- 8,8 + v+4 y 36”) (94a) 





BP ycets (E)= EF (—s,st+v+4,3;6) — (94b) 


if|§)<|. 
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Also when |1—é|< 1, there are the two relations: 
2°(1—#)7 P(s+y+1(s+v+4) 
Pot) P+) Wists) 

F (—s8,s+v+4,r+1;1—£) (95a 

p @) -—#) P(s+v+1) P(s+v+$) 
vtatis!— P@+1) e+) T6+H) 
EF (—s,st+vt+$vt1jl—&). (5b 


The hypergeometric functions in the last five expressions are polyno. 
mials, if s is a positive integer or zero, but eq 93, 95a, and 95b ar 
valid if y and s are unrestricted. 





v+28 (¢)=- 





The importance of the case »=v-+s lies in the fact that if » is any 
given constant greater than —1, the infinite set of functions P’, : 
constitute a complete set of orthogonal functions for the range v6 


<é<1, for 


[Pren@Pron(@de=0 if 8 # 6, (96) 


and 





2, 20 (6-+2»+1) as 
[P01 de O54 2y+ IF +1)" (97) 


For the range 0<é<1 the set of even functions of & P?4..¢, area 
closed set of orthogonal functions, as also are the odd functions. 

If a function is ‘developable i in terms of these normal functions, its 
development is 


fQ=LIe+» +4) Fea aPreel® [IEP r £,)d&, for—1<£<1.(98) 


A special case is 


IO =2DOsty +) eet 


T(Qs+2y+ jyPr+a(€) 
[JeoP raat for 0<E<1. = (98) 


For the range here needed, 0XnX ~, it is convenient to take the 
general solution of eq 87 in the form 


R(y)= CLRi (n) + CLS, (n) ’ 
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re er 
saat ale sade Ge 


ae eee , 
fr cos vel (u+v+-1) * (ane 





i mes +n)? =a 
sn=— 
[ iy 


Re ,-1 (0). (99b) 


The relation 


(1 -t n’) [R°S”—RS?]|= =2 COS ut ree (100) 


shows that these two functions are linearly independent when 
y=nand p=m=n. The two recurrence relations 


(2u+1)9R,= (u—v)Ra-1— (ute +1) Ri (101a) 
(2u-4 1) (1+ 9?) Ry = — (u—r) (uf 1) Ro-a— (ut v+ 1) eRe (101b) 


are also satisfied by the functions S;. 
Since Qi(2z)= (22—1)7D2Q,(2), the analogs of eq 92 are 


n —1)*T(u—n+1 Ron , 
B59) = to IRA) (1028) 





S20) eet DES, (0. (102b) 


By use of the recurrence relations, eq 90, 91, 101a, and 101b, we 
obtain equations of the form 


(2u+1) PL(E)Ru(n) = — ADP p-1(€) Raa (9) + Pati) Rati(m)] (103) 


and three others obtained by replacing R;(n) by Si(n) and then P:(é) 
by Q.(é) in each of the two relations. It is evident from eq 99 


269047—41—_—-3 
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that Ri—-0 when n> if »>—1, while S;>@- if w>0. We aly 
place here for reference 


r(=**) r e; ) 
R;(0)= and 00 i ED) 
vs 2 








on(4F*+1) 


i) 
s7(0)= (cos ot cos v7) 2 Ne dS) 
2 


r 





uv 
ee 2 +1) 
-_ - 
2 r(#5**) 
The reciprocal distance from P,(é,m,6,) to P(é,7,6) has the known 
oe 


Rea a> Pie enbnto-ct a) S4(—1)" (m+4) P2(@)Ra(n) P2(€,)S2(m), (105) 








provided that 7>m, that is, the point P lies outside the ellipsoid, 
m, passing through P;. When it is inside, n<y, and the above ex. 
pansion is merely modified by interchanging the arguments 7 and 1, 
This expansion is very similar in form to that of spherical coordinates 
given in eq 46. A comparison of eq 105 with eq 47 gives the expansion 
in spheroidal coordinates when 7 > 


on(2—21,7,71) _ 


ier. Paes (m+ 4) Pa (E)Ra(n) Pas) Sa(m) — (106) 


with interchange of 7 and 7 in case n<7!. This is similar to the 
expansion of the same function in spherical coordinates given in eq 48. 

Passing now to the case 7=0, which corresponds to 2,=0 and 
0<7r,=A,(1—#)*<A, so that the ellipsoid, ,, shrinks into the 
circular disc, we find from eq 104 that 


Si42041(0)=0 and St24(0)= GP Fey 





Hence if 


= 4rr, 
— @+(r+n) 


on(Z,7,71)__ dn(k) 
vr rr 
=gdyeotnt+ yee et DPrnl®) Re s2s(n) Proau(€s)> 





Snow] 


whi 
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which is valid for all values of 7, as is also the integral representation 


oo. [Cero Dlr (109) 


If U is a solution of eq 64, which vanishes when z?+-r?-> and such 
that 


1 1 
C= —5,1Dzl \2-+0= +57(D:U]_-- 0 


js a given function of 7,(=A,(1—&)4) 


on the circular annulus z=0A,<7r,;<A;, and o=0 when oXr,< Aj, 
and when r><A,, then & being defined as in eq 74 


r Airia(r:)on(k)dr 2 (8 E10 (E,) balk) 
U=2r ro (ri) dn| '=2nAt |, E10 (Er on(k) oe 
T a wo TA? : Soa dé, (110) 
Using eq 108 in this gives 


y 292 1 I'(s+4) 
U="pn 25 (28+ 2+ F GE inti) 





fo 
Psoy(€). RB p2n(n). f £10 (&:) P®in(E:)dé. (111) 


To confirm this result we note that the function U given by eq 111 
isa solution of eq 64, which vanishes when z?+7r?——-— 
Also D,Ueass=0 when r>A, since (DpU eas) =(45P U)eao and 
1 
P’*,,,(0) =0. 


When r<A,, 240= — (D,U) ,249= —Fz(DyW eo and eq 111 gives, 
by use of eq 104, 
t()=253 E+ mt H) ETD pay. [froE)Phm(Gdes (112) 
ed P(2s+2n+1)° 47" Joy a 
for 0<E<1. 


Reference to eq 98’ for the case y»=n shows that the second member 
of eq 112 is the development in normal functions of the function 
to(t), which is zero when &<£<1, that is, when 0Sr<A:, which 
shows that eq 111 is the required solution. 

The same confirmation results by using eq 109 in eq 110, which give 


U=2n f * leit. (rt) dt i3 * no(rJa(rit)dn, (113) 
0 r 





which gives 
o Ai 
o=— 2 (D,U) 2a40= f tJ(rtyat { rio(ti)In(rit)dr;, (114) 
Tv 0 Ai 


which is Hankel’s integral representation of a function of r, which is 
we to o when A,<r<A, and is zero when 0<r<.A, and when 
r>A). 
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The function 
Gn,n, 
Vast, 
is equal to U if the density (eq 80) is used. It is then necessary to 
evaluate the integral ; 


to 1 1+s\" 2r 
ope [fot Ptya(di =a (EB) PPO). 





nm i 2) ®t cos 2(k+n, 2) WPasae(Es)dEs, . 
ra (115 


ee (1—£,” cos? y)2.sin 2y _ 


Now by eq 75 and eq 81, when »=0 


and 
£2 


E,dij= —~% sin 2ydy=— 


rdry, 
a 
so this becomes 


-'s§) 
P(n+1) It fb =) b> 1+ 
a. 2A? = 2p ‘(k+ 1Ird+n— —k) 


» frnens 2 ss (Ie +2) y Pr+2udbocosy) 9 
0 (1—£," cos? W)3 





C, 11,9 — 





(116) 


Referring to the eq 94a, we find that 


Pra(gcosp) _(—1)*2"T'(s-+n+4) 
(1—Scos)3— x I'(8 +1) 





F(—s, s+n-+4, 3; £’cos*y) 


son ; wus 4 ERR h(t+s+n-+ 3) cos*y ° 
=(—1)2"2) (1) RE TET 





(117) 


Now 


ion 2(k+n2)W cos” PS onl Vr 113 
Té+Drt+h © 2TG+k+m+)Tt—k—n 1) (8) 








Hence 





«/2 
{= 2(k-+ ma) VPs (Eo cos Way 
0 (1—& cos? y)? 


ies son-1_/7 : ty2t Pi+s+n+}) 
== (—1)*2 vr24(—1) Sor” +s—)TG+k-+m+)rd—k—mt)’ 
(119) 
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F Using this in eq 116 gives 


mi,N2 —] 1+ 0 : rm t L Bla 9 
Cp ae (De EDs, (120) 


. £5 
GB) 
4 
§,=10 (n DoE DFET t+n+1)PU+t—n.—kA)T (1 +n—k)’ 


In case t=>—, that is, t+ — 


r n,N— t,t-+-n,4-1;— GF °)) 
so 


Td=m Fr G+mt)) 


1g al (m—tittmtnt item tle”) 1228) 
“GS ‘) TG—mtirGtmtiy “1228 


the last form being obtained by Euler’s transformation of the first 
hypergeometric function. Since ¢ is never negative in eq 120, it is 
evident that eq 122a is applicable whenever n.=0, and also for 
negative values of m2 when the unequality t>—n, holds. In the 
remaining case, where 0St<(—m, we may write nz=—m, where m 
is a positive integer, so that, O<t=<m. 

In this case 








where 





(121) 











l(2t+1)lUd+n—m+t)l(m—t+ 1) 


n(—1)'t5%2 zw: 


i—ég, 
=P(a+1)(-1) (G is) POPLDFOTR oT D FLEE 1) 
(122b) 
This expression however is that which eq122a becomes when t+-n.<0, 
so that either eq 122a or 122b may be used, as they are both valid 


for positive and negative values of np». Using the latter, where m is 
replaced by —n2 gives 


(-1)'§"8,= 





: W( —2t4m—t—n, AL Es 
™m™ i m—t “al 
§,=T(n+1)(—1) & =) a ize) 


1+k 





Ite 2H —2tn-+1,1—n 1— 158) 
) 0 
(ee) Pat Drgtat TGERES -t) 





(123) 
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Using this, eq 120 becomes 


os ee, | s+ nq 1 4 n+ nq, i 4 — Ng . 
cn (SDB) OB) pa 1 


» 247(t+s+n+3) F( —2tn-+1,1—m—t; *) 





= 


FoF ON at TD FDTD 
ee 2*1(t-+s+n+4) 
24% A? t=0 '(1+s—t)P(t+n+nm+1) 
2t (58 fo) r(k+n+1) 
eee yr Ss TED (1+2t—h) 
Interchanging the order of summation gives 


crm (— 1)" (1+ &) "(1 —&) SH ots! yaaa 

















) 
21% A?, r(ik+1 (i, 


) 
(124) 





=y\__ 2*T(t+s+n+4) 
se 2 T@iFi—Hre+ntm+)rd+s—Ord Fk—n,—# ‘12%) 


In order to evaluate G, (eq 125) as a single term, we define the 
function G (z) as follows: 


G(e)= 3X) (—2)*G, 
i > : (—z)*2"1r(t+s+n+4) 
~ Ht POt+1—#) TP tn 4+-m4+)rd+s—)rd+k—n—) 
(126 





Since n and 7 are integers, this function is a polynomial in positive 
and negative powers of z. It is therefore analytic at every finite 
point in the 2-plane except at z=0. After inverting the order of 
summation, we may substitute k=y-+n.+¢# and sum first over u 





re (—2) "24D (t+s+nt4) 
G (z)= 2 (t--n+m+1)F +8—t1(t—m +1) 
> (—z)*I'(t—n2+1) 
‘poe V(t—m + 1 — pw) Tu +1) 





en T+ +-0+-))(—2) 2-2) 
G(2)= “2a5(t-n-+m+ 1) +s—rt—m +1) 
This series starts not below t=n2. Let A\=t—nze, then 


on [—42(1—2z) Pr(A+s+n+n,+4+4) 
Pia "ROH DrOFa tetra re Mah) 
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The sum is of the form 


= [—42(1—z2) PT (A+) _ T'(a)F(a,B,a+ B+4;42(1—2z)) 


S* 


e LTA +1) )P (A+ a+ B+4P(1—B—2) r(i—f)lra+p+4 
with a=st+n+n.+4 and B=n,—s. 
By a special transformation due to Gauss 
F(a,B,a+ B+4;42(1—2z)) =F (2a,28,a+ 6+4;2) 
and by use of the equation 
I'(a) 
r(i—8)l(e@+6+4) 





F(2a,28,a+ B+4;z) 


21-8) (—z)T'(A+2a) 
~ 2eF BT (a+ Hol (A+ 1) T(AF a+ B+4)1 (1 —28—d) 





(130) 


We get 
G(2)= ay (—2z)*G;, 
(—z)™P(s—mt+t) < (—z)\T'(A+28+2n-+ 2n2+ 1) 


~ Fmp (e+ nt mtl) ai PF 1)FO+n-+ 21) PO -+38— 3nd) 

(131) 

from which, by equating equal powers of (z), we get for G, with k= 

-2n, the expression (eq 132) below. This brief method of deriving 

eq 132 from eq 125 was suggested to me by C. L. Critchfield, whose 
helpful criticism in other respects may be acknowledged here. 

T'(s—n.+4)T(k+28+2n+1) t 

2220 (s+n+no+1)r(+28—kh)rk+1—2n,) 


Using this in eq 124 gives 


CO." (—1)**™P(s—n2.+ 3) 1+- =>) 52)" 
Aja h2*t?mtinis+n+ne+ 1) 1+ 





rkt+n+1)G.= (132) 





Bi fli a ee eee) 
>> 2 J V(k+1)(R+1—2n.)P(1+28+k) * 





Now 


Pr  a\a 1—& T(k+2s+2n+1) 
— mi ) REDDER aR b) 





T(2s-+2n-+1) ing 
“FOI PO — 2828+ 2+ 1,120 2 °) 


_(u%\"_ T(2e+2n+1) Wf 4. o of is —%) 
(4) Fase 28,—2s—2n—2ma,1—2ma;— =") (133) 


by Euler’s transformation, remembering that 1——=2a,/A,; and 
l+h= 2a,/A,. 











656 Journal of Research of the National Bureau of Standards vu, 


We thus obtain the following 





24 AT (8+H) pynym (= 1) gantony— 


2 
PT papl) Ce Aye Aa asta)» (134 


where the A-function is defined by 


A on (a; 12) = 


_T(stm +40 (stmtyl(o+n+n+h0(s+4) 
ie P(2s+-1)0 (2s +2n,+1)0(2n2.+1) 


a n, +28 do Ns a2 
{= § et -F\ —2s,—28—2n,,2n.+1;—— }-(138) 
a+ a2 aT Ag a 


On expressing this as a polynomial and summing it in the reverse 
order, we find, since s is an integer, 


‘ 
Ags?" (dz) = Aze*™ (2,01). 
Also since n, is an integer, it is found that 
2m,—2 __ 4 2m,2 
Aa.” (dia) = Agim (41,42), 


which vanishes if s—n.<0. 
If n2=7, in this, it is found that 


1 _ 1 
= (a;,02) tert A,” (d;,42) a2 aD (s+ aT(s M+ 3) 


~25r 6+ DG +m +1) 





*P2r'(Eo), (138) 


which vanishes when s<n. 
Recalling that n=n,—n.=0 and n,=0, it is evident that eq 134 may 

be written 
2rA,T(s+3) 


ee r= 
& 


2°T(s+-n-+1) 


{ne 1) +8 


A,r Age?" (ada): (139) 


g 
In this equation C?"™ is the value of [v's Presos (E1) 0 (&1) dé, 
0 


where the expression (eq 80) has been used for the density c, so that 
with this value of the integral the formula (111) is the expansion of 


the function U=¢,4n9(2,7,01,42)/-Va)2. 


We have, therefore, obtained the following development when 
N= —N2=0, which is valid for all positions of the two parallel circles, 
which converges to a finite value except in the case where the circles 
are equal in radii, and approach coincidence (in which case it becomes 
logarithmically infinite). 


DP ny yng (2,7,Q;,@2) 
V¥.1,0, 


(—1)™ a s 271,—2ns n n 
=A, 2-1) (28-+n+4) Ag, (@1,02)P 425 (¢) Rn+20(n). (140) 


When m=m,>0, this becomes by use of eq 138 
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da, ymy (2s?'y1,42) 


a 
1)" 2 . T'(s+4)0(s—m+4) non n 
DD S4(=19) 5+ dE epee Pa) Pa(Rala). (141) 


2° rA, s=N2, 





From eq 137 it is seen that the expansion (eq<140) begins with the 
term S=N2 When 0Xn2Sn, but with s=0 when n,>=0 and n.<0. 

It may be noted that if n=|n,;—n.| and if we write A#?™’??"(q, a2) 
in eq 140, the expansion is valid for all integral values of n, and ne, 
with the understanding that the upper of the double signs is to be 
taken when n,—n.>0, the lower when ny—n.<0. The ambiguity 
disappears when m,—n.=0. 


From the integral representation (eq 57a) of ehbs it is evident that 
a2 

this function is unaltered if we interchange the arguments a, and a, 
and corresponding parameters n, and m2 and multiply by (—1)™~”™. 
This fact is derivable from eq 140 by use of the relation eq 136, 
noting that A;, As, &, and 7 are all unaffected by interchange of a, 
and Q». 

The integral representation shows also that 


Pn yn» (x,7,@1,Q2) re) (— 1) "2bT, yii2 (v,1,7,@, 


— == ee — 3 
Va,02 ra, 
y= — Ne 
N2= —N» , (142) 


n =|ny—ne|=|n4| 


Where 


This interchange of arguments r and aq, in the light of eq 65 amounts 
to viewing x and a, as the cylindrical coordinates of a point, while r 
and d are constants playing the part which a, and a, held in the 
preceding formulas. 

Hence, as in eq 173, we let 


A\=r+a,, 2=Aién, a, = Ay (1—#) (1-+7), (143) 





so that € and 7 are computed from the second members of eq 82, after 
replacing A, by r+q, and r by a. 

The function on the right of eq 142 is then given by a development 
obtainable from eq 140 by replacing A, a, &, 7, m1, N2, and n by Ai, 
r, &, 1, M1 —Na, —Ng, and |n,|, respectively. This gives 


nym (241 1,2) at 1 ; 
aa, Fa) 





+(— 1)*) 28 + [n,| + §) AXA%(mi— 2): £201 (pg) P ¥ [rl te ()RIM 4, (n) ’ (144) 


s=0 
the upper or lower sign being taken according as 7, is positive or 
negative. Similarly, from interchange of r and ap, 
Pry yng (x,7,@1,02) 7 Pry ny (2,d2,01,7) 
— b 


Vidz Var 
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where 
m= 
a= —M 
N= |ny—Na|=|n2| 


This gives a third expansion 


Pnj,ng(Ly7A1,Q2) 2 (-- 1 )™—m 


yaa, w(r+a) 





@ _— 


>- 11(28+Inal-+5 )Aaea) 20-2 - Plailson(€) -Blatl4ce(m)> (146) 


s=0 


where the upper or lower sign is taken according as nz, is positive or 
negative 





z= (r-+ay)En and a= (r-+a,)-V (I—F) (+9), (140) 


so that F and ? are computed from the second members of eq 82 after 
replacing A; by r+a, and r by ay. 

The following section is concerned with the partial integrals with 
respect to x derivable from the expansion (eq 140). 
VII. EXPANSION OF »,,,,, IN SPHEROIDAL COORDINATES 


The function wa,,n,(2,7,01,42), or more briefly, wn,n,(zr) is represented 
in eq 59 by the integral 


ae =” 
Wny.ng (2,7) =40° Vat |. da” | nyns(t! 7) (148) 


We exclude for the present the exceptional case where n, and n, are 
both zero. In all other cases we may write 


Wny.nq (2,7) = Vay ng(2,7) — Vinyng(0,7) +22r]2|Sp,,03 (7) (149) 
Wn ms (z,r) an Vam (2:7) = 27Snins (r), (150) 


the upper or lower sign being taken according as z is positive or 
negative. The function V,,,,,(z,7) is an even function of z defined by 


Vones(t,7) =4e%aie, f oD a(t) T(t) Tug tat). (151) 


The function Vz,,n,(ar) is an odd function of x defined by 


Vinny (2,7) = FArtayds fe! Iay g(t) Ivy (Oil) Jog q, (152) 
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the upper or lower sign being taken according as z is positive or 
negative. Also 


96 Sny.nq(7) ail Vann (-+0,r) — + Vauns(—0,r) 
2 a \ dt . 
=4r ;Q2 a In —ng (THT n, (Ait) Ing (dot) = (153) 


These relations are all obtained by introducing into eq 148 the in- 
tegral representation (eq 57a) for ¢a,n., Which gives 





e7lalt__ | 
Way yng (x n= 47? MQ 12 k ae *Vayaltt) Joy (Oat) Jog (tat) (154) 


If the exceptional case n,=n2=0 be excluded, this may be separated 
into three integrals, each of which converges, thus giving the eq 149 
to 153. 

From 152 arid 57a it is evident that 


Vn ma(2,7) a — 4x Vand { Pnj,nq (x 7) dx’ 
z 


Vonmy(2s7) s -{ Vann (a'r) da’ (156) 
z 


ifz>0. In both of these integrals, the integration must be performed, 
while 7 is held constant. 


The functions V,,», and Vy,,,, each satisfy the partial differential 
eq 64. The function Vay n, Vanishes when the point P(z,r) goes to 
infinity in any direction in the (z,r) plane, while V,,,,, vanishes in 


general if z+ , while r has any fixed finite value. 
To perform the in tegrations in eq 155 we write eq 103 in the two 
forms: 


(2s-+-n+ 4) Pr+oe(€)Rn+o0(n) = 


— 2D JP hyn-ilt)- Bhior—ala) + Phi Risen) (187) 


(2s-+-n+$)Phiosts (€)Ra+os4i (0) = 


a LP n+os(E)  Rn+20s(n) +Pr4os+2(E) - Rn+os+2(n)]. (158) 


The expansion for V,,,n, is obtained by using the expansion (eq 140) 
for dan, in eq 155 and then performing the integration with respect 
to z by use of eq 157. Since r is held at a finite constant value in 
this integration, the value of the integrated terms at r= (r finite) 
are found by letting n—o, while at the same time {’—1, the two 
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variables being connected, as shown in eq 81, in such a manner that 
limit 

iain le 

?—] [na Ss ) A, 


It is thus found that for the case n=n,—n.>0 


(x,7,d ,2) oe 





= si ~?*(d1,02) (1 
N/ 


=(— 1)™* 2a oy x G =) tF(1 n+4n+1; sl— é’) 


+ 3-1) [Agee 2" (ay) — Agta (1,2) Prost (€) Rrsos4a(n) (159) 
and for the case n.=n;>0(n=0) 
Teil (x, 7, G1, Ae) =(—1) "2aaaVn >) (—1)*[A,,7*-*"(a,, a.) 

—Ay, Pm (ay, A) ] Pos41(&)Resyi(m). (160) 
The first term inside the brace of eq 159 is 
A,,2m.-2m(a1, d2)[P2,o,_4(E) RBs, 4(m)len0 


_A om ee da) 
n4/ 





hy EF(1,n+4, n+1; 1—&), (161) 
for from eq 95b we find 
[= ze fia] = Pint Plt EFL, n+-4, n-+1;1—E)» (1628) 


and from the eq 99a we find 


n 


[so +20-1 (7) ]s-0= fa (162b) 


Also from eq 95a we find 





hows 2°-'P(n—4) (1—#)? ; 
[ jPtva-al8) peo —2 PO POE Fa n— 4m 131-2), 


and from eq 99a 


7 
2-1 (n—4) (1+77)? 





[sPn+2s-2(n)]s-0= —_ 


Hence 


1 
(Pi -2(€) Baal eaa=— 7 FF a) Flin hn-+ 118). 
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Inserting the expansion (eq 159) in (eq 156) and integrating by use of 
(eq 158) gives for the case n>0. 


J Toa r,Q,2) = or 
Ag "(dh 42) (1 — 
n(n—4)Vx \1+9? 


\(—1)! | ~?™* (dy) — Agta (d1,G2) 





EFA, n—43,n+13;1—#) 


= 1) nq, 02Ay- Vv ane 





TZ 2s+n+3 


Agta @,a,)— Ant” (a4) — 
28- ae 142) [pn (t)Rso,(n)} (163) 


and for the case n=0, n=n, >0 


=0 


Vass (x1 ,21,Q2) an 





-< Aggy?" (a,@2) — Adpta ™ (ai,a ye! 
(—1)"a,a,.A,v 7 —1 : 2 5 = 
) 1%2 iv i 2 ( 1 )' 2s+3 3 


2n1,- _ = 2m1,—2m1 
a SMe (est) Ley Ra. (164) 
rm 
The value of Vn,m,(0,7,a:,@.) for the range 0<r<A, is found by 


placing 7=0 and = Vint in eq 163. For the range r>A, we 


" 
A? 
On Sn?) = — Viums(- -+0,r,a;@2) could be found, but such expansions 
are unnecessary, for we now find that Sh,n,(r) may be obtained in 
finite form. 

It should be noticed that the term’ éF(1,n+1/2,n+1;1—&) in 
eq 159 is an odd function of & (and therefore of x), as are all the terms 
in Ph4os41(€) in the series. The latter all vanish with ¢, but the former 
does not, as may be seen by the transformation 


place £=0 and mn —1l. Similarly, from eq 159 the value of 


PUn+4, 2+1;1-8)=4FG,nn+1; 1-#)= yer (165) 





when £>+0. 
Hence when z—>+0 and r><A,, i. e., £>-+0 and Vi = , eq 159 
gives for r>A, 


Y ee Vaim(+0, TQ,Qg) __QQg(—1)"0(n) 4 2n1,-202 (2) : 
Sri (7) = on = Val (n+3) Ao (1,2) r (166) 


ifn¥0. Referring to eq 135, we find 


aa” pi tredent irey, (167) 


when n,>0 and m< 7. 
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Hence eq 166 becomes 


T(n) _™ 
Sain") = 10,02 (— “EO am —MN) (168) 


when r=>A,=a,+a, and n; >0, m<m. This vanishes if n, is a positive 
integer less than 7. 

This relation may be used to obtain the value of S,,,,(7) for the range 
0Sr< A, by considering the effect of interchanging r with a, or a, 
which is determined by the integral definition (eq 153 of S,,,,(7), 
which is an abbreviation for S),_,(7,01,@2). It is thus found for the 
case n, >0 and n.<n, that when 0<r<A,=|a,—a,| 





rT’ (n,)ay’ 
when a,<a 
P(n+1)atT (mg+1)’ 2 le 
=-() when a2,>a,; 





S™™(r) = 770A 


Similarly, for the case nx=n,>0 it is found that 


Sinn (7) =0 when A, Sra 


\n,| 
=Th6 ae ‘ 
aa Gs :) if aaa, 


7 Jr< Ap. 
Sd a) ’ when 0<r< A, 
lI GQ, >a; 
Ny a> 


(170) 


In all these statements the case n;=n2.=0 is excluded. It is evident 
therefore that S,,,,(7) vanishes when r= © and also if m,)#n_ when 
r=0. Itmay be shown from its definition (eq 153) that Sp, (7) isa 
continuous function of r, in particular at r=A, and r=A). To find 
~ gaa for the range A,<r<A,, we find from eq 152 that when 
zr 


| D.p, 5 Vr ba misna(2iT) _ _ pw nna (251) 
s ) ox a 


2a 


== Dedyts | “tema (rt) In, (Git) Tn, (dot) dt. 


cer x approach zero in this, and noting that by eq 153 
Vnyns(+0,r) = —2rSn,,n,(7), and that the integral on the right approaches 
that which defines 2ro(r) in eq 66, we find that Sp,n,(7) satisfies the 
ordinary ery ee differential equation 
nS 
7DArD, ay ns) =. on? = = —4n°a,a20(r) 


cos (n69— N26) 
sin (63— 6) 
for the range A,<r<A;, this value of o being taken from eq 72. 
If r lies outside this range on,,=0, the homogeneous equation having 
solution O,r"+ C,r~* if n+0 and C,+C, log rif n=0. The values just 


found are of this form. Hence if any particular integral of eq 171 
is found for the range A,<r< Aj, this increased by C,r"+ O,r~* is the 


=—2 





(171) 
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general solution for that range, and the values of the two constants of 
integration, C, and (©;, are then determined by the fact that this 
solution must be continuous at r=A, and at r=, with the solutions 
previously found and given by eq 168 and 169. Similarly, in the 
case 1= 0. 

To derive a particular integral of eq 171 in finite form for the case 
n>0 and m<m, so that n=n,—n,.>0, we begin with the elementary 
integral form of the solution 

QQ 


i Nad ale! a "I)], (172) 


where 


i= fe cos (n:6.—n26))d2y 


l= fr" cos (n,6) —n20$)d2y- 
Now by eq 77 


0 0 2% a,e~*t¥ 4 
r™ cos (n,6{—n262) = Faje-*™{ 1 — — 
1 


(= “) cos 2(k-+-n2)p 
aaron T(k+1) T(i+n—k) © 


— 042) cos 2ky 


=(— 1)" T(r +1) ae m+1)P(1+n,—bh)’ 





so that 
2y 
asia np Tm, +1)Fd—ny) * 


k a> 
sv (3 a) sin 2ky}, (173) 
faa. Tk—m +) +m—kh) k 


where >’ indicates that the term k=O is omitted. To evaluate J, 
we derive from eq 77 


io? io’ nl 
r—" cos (n,4{—n: M)= BA i = ren (4% - 


0\ -1 
ren Ca) 
reie? 1+ i Ae ret, 


where the real part is to be taken. int 
Since n,>0, the expansion of the binomial [1+ ie is a finite 





r-"],=(— 1)” Peery) 





and 


so that 
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polynomial in rei#a,. This gives 


_7"T (ni) a2"? | 62 


r*], 





2 a,™ IP@)P(m+1) + 


(8) 
pt 2) sin k69}, (174) 
.Fetm+l)raak  & 





Using eq 173 and 174 in eq 172 gives a particular integral S(r) of 
eq 171 for the range A,<r<A,, when n,>0 and n<n,. Hence jf 
A,<r<A;, m>0 and <7, we find 


Srna (r) = 


_o (—1)".0 (n)af'az” 2y _ 
ie r* LP (+1) (1-1) 


mi = n() sin 2ky 
+ 2 <9, spaces mele “i ibaa iy il 
t=amU(kK—megt+1)PU+m—k) © 


pore a... 
ay" CT (n+-1)0 (m2+1) 


£3) : : 
= — sin kee ™ 
1 ke: ‘ k | (175) 


 Nka—m V(k+m + DI (n—k) 











where the constants C, and C, have been so chosen as to make Sy,»,(7) 
continuous at r=A, and at r= A), its values at these points being 
given by eq 168 and 169 when r=A, or Ap, respectively. 

The terms in the summation vanish at each of these values of r, 
for, when r=A,, ®=0, =x, and 2y=@8—@=z, and when r=A,, 


~ {a=e—0 if da<a 
2¥=0, and) 6g if'as ail 


This shows that the second member of eq 175 reduces to eq 168 
when r=A, and to eq 169 when r=A,. Therefore, eq 168, 169, and 
175 give Srpin2 in finite terms for all values of r when n, >0 and n<n,. 

In eq 175 Spyno(7) 18 Sying(?,id2). In order to find Sy,n.(7,42,0), 
we must not only interchange a, and a, where they occur explicitly 
in the second member of eq 172 but must also replace 6. by r—6,, as 
shown by eq 78b. 
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The remaining irreducible cases are for n=, >0 and m=n=0. 
In the case M=m >0(n=0), we start with the particular integral 


of eq 171 
9 4 ‘ Tix 
Sir) =Aniayas fro(7) log “hdr. =2ayes { c0s 2nv’ log ~d2y' 


2 sin 2 1 
“id sin 2m¥ log 142 [cos 2n,v’ log rd2y'| 
ve Ny a is 7 
2 sin 2m, & .-&Vveary ss , 
as ———* log — —2 ay — cos 2m’ cos 2ky’d2y 
i Ny r k=1 ay 


(2 sin 2myp, 
= 4,45 log — 
" “| Ny 8 r 





2 1/a2\¥ sin 2(k+m)¥ , sin 2(k—m) |. 
-> 2) k+n hid k—n 


This may be reduced to finite terms by use of the expansion 


2 sin 2mwy a, @1fa2\2 sin 2m cos Qhy 
“log —= Sox — ) — 
ny a feik 


ay nN 


wl (ay sin 2(k-+m)y¥_sin 26m) ¥ | 176 
Ei) L a ie 


My 





so that 


mas ae) 2(k+m)y_ sin 2 (k—m) v 
a 





S(r)= 
M1 k=1\N k+n k—n 


dof 5 fd2\™ a\"_ (u\" |e ksin Qky 
Hs m | 2u(%) -|(%) (3) Ee) k 


mT /a.\k-™ , fa;\F-"™] sin 2ky , sin 2m), 
2 ie +(@) ] gree | 


a2 _. 
1 — e289 
ay 





Now 


cit? — 


1 «29 
a, 


so that taking the logarithm of both sides we obtain 
© /a2\sin 2ky - 
90 —= (=) sin 2ky (177) 
: 2 a, k 
The particular integral then becomes for the case m=m >0. 
S(r) =2% 


nN 
Je Greene a[ey oer ee 
| Az n—(o a+ MN 4 a; 7 2) k 


269047—41—_—_4 
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which contains only a finite number of terms and is valid whicheyg 
of the two circles is the larger. 

With this particular integral we find, after determining the ty 
constants of integration by making Spm, (r) continuous at r=4, 
and at r=A, with the values given in eq 170, 


TA;Aof A2\™ . 
Sra, (7) = (2) if aa<ay 
Mm, \Q; 
TA,Aof A, \" . 
=the" if a 
Ma (*:) 1<de 


2 tee lo \™ sin 2 
ute! Yep + (2) — op pe 


a ny | 2 
nm a, k—n a k—m"] sin Qky 
-2[() ed ] k 
when A,<r<A, 
==() when A,;X<rx<~, 


provided that n,>0. 
In the particular case of greatest importance, n,=1, 


when 0<r=A,, 


= waz if a.< a) set aaa 
Su (r) (3 if ast when 0<r<A, 


= 470+ a3(r— 68) —a,a,. sin 2 when A,Sr<A, 
Sai) when A,;Xrx<~. (179 


This shows that S,,(r) is the area common to the two coplanar 
circles of radii a, and a2, when r is the distance between their axes. 

By the preceding formulas every w,,,, is evaluated with the excep- 
tion of the case n,=n.=0. Before considering it, attention may be 
called to the interesting fact that although every V,,,,, vanishes when 
z—+o holding r finite, there are two cases of eq 163 namely, 
Vi,0(2,7,0;,@2) and Vo,_; (2,7r,a;,€2) which do not vanish when the 
point P(z,r) goes to infinity in directions other than the z-direction. 

By use of eq 163 and 167 it is found that when z?+7?—o in the 


direction ¢ defined by cos (—I3T5 then 


Vi ,0(a,7,@1,Q2) > 27’ aza, tan $ 


(180) 


Voy—1 (x,7, 1,02) ey 270,03 tan 


In the exceptional case where m,=m,=0, the integrals involving 
Bessel’s functions, which served to define the functions Va,,., and 


Vm, in eq 151 and 152, are not convergent. Neither are the def- 
nitions of these functions by the integrals, eq 155 and 156. Neverthe 
less, functions 


Voo(x,r), Voo(x,r) =DzVoo(x,r), and Soo(r) 
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may be defined in this case, so that eq 149 and 150 are applicable. 
To find these functions we begin with 


woo (2,7) = [jevote’ wr) dx’ =4r ‘aes | do” {" a dx’ (181) 


woo (2,7) = D099 (2,7) =4 77a, a2 [eee doo (2"; ef dz’. (182) 


Applying the operator r~'D,(rD,) to the latter gives 


Deca co te fe 71, (rD60(2’, ri) ) ’ 
Lp, rDruig) = 40s [">D,( gee) ie 


=—4r ‘ats [_ D2 (22 a’ 
Vad, 
——4,? *a,0,D, (eee 2) +4 ‘axas| D deo (x, 20) 


aA, V dQ2 
Also applying the operator D? to eq 182 gives 


doo $0 (2,7) “y 


Pw o=42°a,0,),—_ dim won 


so that 
2 2 boo (2,7) r) 
V*weo (2,7) =1 D? +2D, (rD,) woo (z,7) =42°a,a.| Dz it 
142 zr 


That is, by eq 66 
V7 Woo (2,7) = F 47a, d2.2 roy9(7r) (183) 


the upper sign if x>0 the lower if <0. This shows that w,o(z,7) is 
of the form as in eq 150 ’ 


oo (2,7) = Voo(z,7) +2aSyo(7r), (184) 
where V,o(z,r) is an odd function of z satisfying 
V7? Voo(z,7) =0, (185) 
and Soo(r) is a solution of 


VSoo(7) =p, (rD,Soo(7)) = — 47 q142000(7) = (186) 


sin sin Dy’ 
as in eq 171. 
Since wo and wo both vanish with z, 
Vio(-+0,r)_  Voo(—0,r) 
2a 


Soo(r) = — = -}- ox 





as in eq 153. 
Also by eq 184 


Woo (2,7) = sole!) = Voo(z,r) — Voo(0,r) +22]2|Soo(r), 
as in eq 149, 
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If in the integral (eq 182) we introduce for $(z’,r)/-Va,az its ey. 


rI?(s+3) P2,(&) by eq 138, this gives 


n 0.0 — 
pansion (eq 140), where A% T(s-+1) 


«99 (2,7) —tatey ave 


5 [P o(€)Ro(n)dx-+ 3) (—1)" (28-+-3) AS? (Gq a2) [,Pss(@)Rau(a)ae (189 


where 


9 

Py (E)Ro(n) Ba wl n. (190 
The terms in the series of eq 189, for which s>0, may be integrated 
by the use of formula 157, but the present case is again exceptional 
for eq 157 now fails entirely, for the term s=0 becomes infinite instead 
of merely becoming indeterminate of the form 0 /O, as in the case of P* 
where n=0. 

This breakdown of the formula may be repaired by writing 


1 du 
Po (§)Ro(n) = sf. P,(€)Ry(n) my (191 


where the integral is a contour integral taken around a small closed 
curve in the complex u-plane, encircling the point u=0. Since p does 
not vanish at any point on this curve, the integrand may be written 
by eq 103 


Py @Rula) = 5A DalPy a @Bo-a(0) + Posi Runs) 


which gives by Cauchy’s theorem 





P,il)R,- 
Pa(t)Ro(a) =F cot! n=— ADD] es | + Pena) 
(192) 


It is found that 
ve pj #Pa-s Bes) ihting { a+o¥ [A-+n’, (193) 


2u+1 





If we define the function v(z,r) by 
v(t, 1)= = log | (1-4-8) VT-Fa# | when «>o| 
Vr 
9 — =e. 
= += log | avi Fi | when r<0| 
Vr 


then o(z,r) is an odd function of z, which is an axially symmetrical 
solution of Laplace’s equation, and eq 192 becomes 


' (194 


Py(@)Boln) =z cot'n=—ADe{vle,7) + PaO Ri(a)}- 8 


A further integration may be made by the same method. This gives 


v(a,r)=D oon) +22 (n+cot~!n) }. (196, 
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The function within the parentheses of eq 196 is an even function of z, 
satisfying Laplace’s equation. Integrating eq 189 by use of eq 157 
and 195 leads to the following definition of Vo, 


Veo (2,1 j= —2aaya 


(0,7) +3 (—1)AR (aaa) — Asks (ia) Parga Reve) (197) 


— this from z=0 to =z by eq 158 and 196 leads to 


(0st) = Qatar, ra +22 tn [AS (—0) 


f 00 ( — A?( , As 92 8 ’ \ 
|= a(turts)— AE Outs) staan) AS 2) [Ps (@)Res(0)} (198) 





Soe 


~ 


From eq 197, 194, and 187 we find 
Soo(r) = — 21 d,d2 log(# ) when r>A\. (199) 
£41 


When 0<r<A;, So(r) is found from eq 187 and 197 by placing 


7=0 and p=t=/1-% 


_ oe log (1+-£ 


2 = r'(s+ 


+ FB TG pp Aaal@ute) —AR,0)|ParisE)} 200) 


for the range O<(r<.A;. Im the part of this range 0<r<A, where 
== 0, this development must represent 


Soo(r) =Q+C, log r, (201) 
as shown by eq 186. 
If the development eq 200 converges when r=0(é,=1), the constant 
(, must be zero. 

Now by eq 200, when r=0, £,=1 and P2.4,(1)=1. Also reference 

to eq 138 shows that 

00 == aI? aI?(s+4). , 

AY T’ T?(s+1) Pos (&). 


Hence from eq 200 we find 
Soo (0) = —27a102{log 2—F(&) }, 


where 





ee ee sl (st+d fi 1 1 P 
FG) 14723) (— EE F tot | Pat. 


Since this series converges, the constant C, in eq 201 is zero. It is 
readily found that F(&) is the development 


F(&) =~log [H"]- —log seh, 





670 Journal of Research of the National Bureau of Standards 


so that 
Soo (0) = —2ra,a2 log At As, where At Asa, if aa<a, 
“4ij “ 
=d, if a.>a). 


Hence eq 201 becomes 
Soo (r) = —22a,a2 log atc) if <a, 
1 2 
when O0<rsA,. (202a) 


= —27d,0, log (25) if a. >a 
Also for the range A,<(r<A), we have 
@o Ra 9 
Soo (7) =2a.0:)2¥ log St r log (Sta) _ sy rad if <a, 


1\Q 


© kan 9 
=2a,a2\2y log tis log (Ue) _S(2) = =e if a.>a, 
r a2 k=1\ G2 k? 


(202b) 
Finally, for the remaining range of r, 


Soo(r) = —22a,a2 log (7) when A,;<r<o. (202¢) 


This completes the expansions required. Before summarizing the 
results, we should consider a small correction which takes account of 
the diameter of the wires. 


VIII. CORRECTIONS FOR THE DIAMETER OF THE WIRES 


If a helix is made with ordinary wire, a plane section of the wire 
by a plane through the z-axis may be considered circular. Let », 
and p2 be the wire radii, and let a; and a, represent the cylindrical 
radii of the central helical filament of the actual helices. Since p, 
and p2 cannot be larger than rp, or rp, the correction terms for finite 
thickness of the wire will be second-order infinitesimals. 

Assume that the current density at any point in the wire is in the 
direction of the generating helical filament passing through that 
point, its magnitude being a function of the distance r, of the point 
from the axis of the cylinder on which the wire is wound. Let »; 
(or y2) be the value, at the central filament, of the r-derivative of 
the current density. 

It may then be shown that the correction for the thickness of the 
wires may be made by using for the cylindrical radii a, a in the 
principal term not a, a of the central filaments of the wires, but 


a, a of their equivalent helices, where 
= pif 1 pf 1 ) 203) 
a,=a,+2( 1420) and t= ant B47 -+27 (203) 


If the current is uniform, y;=7.=0. If it is the “natural” distribu- 
tion in both wires (inversely proportional to r) then y,=—1/a ani 
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Snow) 


y=—1/d2, so that the correction is equal in magnitude but opposite 
in sign to that of the uniform distribution. 

The derivation of eq 203 is almost verbatim, the same as that 
given in the paper on coaxial helices (footnote 2). It depends essen- 
tially on the fact that $1 satisfies the partial differential equation 65. 


IX. SUMMARY 


The mutual inductance, M, between two parallel helices is ex- 
pressed in eq 27 in terms of a function w (z,0,,62) involving four sets of 
terminal x-differences defined in eq 22 and 22’, where 6, and @ are the 
associated terminal azimuths, as given in eq 29. In eq 33 and 58 
w is resolved into four others, w+ p:P20/d)d2+;-+ 2, the first 
tW0, 11+ P1P2@0/A,42, corresponding to the mutual inductance of the 
two associated current sheets, the principal term «,, representing the 
effect of angular components of current, the relatively small term, 
PiP200/%42, Of second order representing their axial currents. The 
terms w, and w, depend upon z and the terminal azimuths. These 
are expanded, eq 61 and 62, in Fourier’s series of the terminal azimuths, 
the coefficients involving functions w’n,,.. and nn. It is shown 
that two terms of the series for the first-order quantity w, are sufficient 
in general, the second-order term w, being given by retaining terms 
in the single and double series corresponding to n,=1, 2 and n.=1, 2. 

In eq 140, 144, and 146 three different types of expansions for any 
function n,n in oblate spheroidal harmonics are given. In section 


VII the first and second partial integrals of these expansions are 
evaluated, giving the functions ’y.n, aNd n,n. in spheroidal har- 


monics. The results are found in eq 149 to 202. Finally, in eq 203, 
is given the effect of diameter of the wires. 


WasHINGTON, August 8, 1940. 
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EFFECT OF LOW TEMPERATURES ON THE PROPERTIES 
OF AIRCRAFT METALS 


By Samuel J. Rosenberg 


ABSTRACT 


The effect of subzero temperatures down to — 78° C was determined upon the 
ensile —— hardness, and impact resistance of metals commonly used in 
aireraf ustruction. The materials were divided into three general groups: 
1) Fe rritie steels, (2) austenitic stainless steels and nickel alloys, and (3) light 
metal alloys (Al- and Mg-base). 

None of Noi se properties of any of the materials tested was adversely affected 

y low temperatures with the exception of the impact resistance of the ferritic 
steels. A decrease in impact resistance as the test temperature was lowered 
was characteristic of these steels. 
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I. INTRODUCTION 


The temperature of the atmosphere in which aircraft operate fre- 
quently is considerably lower than the temperatures on the earth’s 
Lo e and may reach a minimum of —60° C at high altitudes. It is 
known that such subzero temperatures may have marked effects upon 
certain mechanical properties of metals. Although the general rela- 
tionship of mechanical properties and low temperatures is familiar 
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to many metallurgists and engineers, test data on specific commerce! 
materials are usually a welcome addition to technical literature, 

This paper contains the results of tests to determine the effect , 
low temperatures upon specific alloys used or considered for use jy 
aircraft. The tests were made at the National Bureau of Standards 
under the sponsorship and direction of the Bureau of Aeronautic: 
U.S. Navy Department. 


II. PREVIOUS INVESTIGATIONS 


Various investigators are in agreement that yield and tensj; 
strengths, endurance limit, and hardness of metals increase as the 
temperature of test decreases. Ductility, as evidenced by elongatio, 
and reduction of area, usually varies but slightly down to aboy 
—80° C. At extremely low temperatures, however (liquid air ¢ 
liquid hydrogen), elongation and reduction of area are markedly 
decreased. j 

The property most deleteriously affected by low temperatures js 
impact resistance. In most nonaustenitic steels the resistance to 
impact decreases more or less rapidly as the temperature drops from 
about +20° to —80° C (with the ordinary type of impact test spec. 
men and velocity of blow). The major decrease, from maximum to 
minimum values, frequently occurs within narrow temperature limits 
termed the “transition range’ to cold brittleness. Below —80° ( 
the impact values decline at a much slower rate. 

The deleterious effect of notches becomes considerably more pr. 
nounced at low temperatures. The impact resistance of notched 
bars drops with decreasing test temperatures. Decreased sharpness 
of notch causes the transition range to appear at lower temperatures 
and in unnotched bars the impact resistance may not be materially 
affected until considerably lower temperatures are reached. 

So many factors influence the impact resistance of metals that, in 
order to secure some idea of the relative value and proper interprets- 
tion of impact test data, it is practically imperative that an under. 
standing of the general theoretical facts underlying impact testing be 
had. McAdam and Clyne [1] ' review the theory of impact testing and 
explain the influence of velocity of blow, form, and size of specimen, 
size of notch, and other variables on cold brittleness. According to 
these authors, test factors contributing to an increased tendency to 
cold brittleness are increased velocity of deformation, increased size 
of specimen, and increased depth and sharpness of notch. 

Russell [2], in a paper summarizing the literature, gave a list of the 
changes in properties caused by low temperatures as follows: 

Yield point Increase. 
Tensile strength Do. 
Elongation Probably small decrease. 
Reduction of area Decrease. 
Impact resistance__-_-_-- ---- Do. 
Hardness Increase. 
“ndurance limit-_-- - - -- nee Do. 
Modulus of elasticity Do. 
Compressibility Decrease. 
Thermal expansion Do. 
Specific heat Do. 
Thermal conductivity Increase. 
Electrical conductivity Do. 


1 Figures in brackets refer[to the literature references at the end of this paper. 
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Hn discussion of Russell’s paper, Strauss maintained that not all of 
Ithese generalizations were warranted. 

The selected references at the end of this paper contain material 
i which is either of general interest to the subject of impact testing at 














urds fe Jow temperatures or else gives data on the low-temperature properties 
tics [Ee of metals similar to some included in the present work. 
III. APPARATUS AND METHODS OF TEST 

> Since the minimum temperature to which aircraft may be subjected 
nsile HP jy service is approximately —60° C (—76° F), the sublimation point 
the He of carbon dioxide (—78.5° C) (—109° F) was chosen as the lowest 
tion HP temperature of test. Tensile, hardness, and impact tests were made 
Out HE at the following temperatures: 
r 0 "4 \ . F lord ‘ 
dh Tensile tests—room temperature and —78° (¢ 
oe Hardness tests—room temperature, 0°, —40°, and —78° C 
7 Impact tests—-+100° C (certain steels only), room temperature, 





0°, —20°, —40°, and —78° C. 


© Tests were also made at room temperature after previous exposure of 
| specimens at —78° C to determine whether any change in mechanical 









‘to He properties occurred after temporary exposure to this temperature. 
lity HE [t may be noted here that testing at room temperature after prolonged 
( H exposure at —78° C had no effect upon the tensile, hardness, or im- 





» pact properties of any of the metals tested, with but one or two excep- 
' tions, which will be noted in the proper place. 






1. METHODS OF SECURING TEST TEMPERATURES 


The temperature of +100° C was obtained by the use of boiling 
water. The temperature of 0° C was readily obtained by the use of 
melting crushed ice. An excess of solid carbon dioxide in a mixture of 
equal parts of carbon tetrachloride and chloroform was used for 
temperature maintenance at —78° C. Since carbon dioxide passes 
> directly to a gas from the solid state, no dilution or other change 
occurred in the liquid bath and carbon dioxide could be added as 
© needed. Temperatures between 0° and —78° C were easily maintained 
© by regulated additions of carbon dioxide. The mixture utilized for 
» the bath had the added advantage of being nonflammable. 

» The temperature of the cooling bath at —20° and —40° C was 
measured with a copper-constantan thermocouple. No measurements, 
except during calibration, were made at the other temperatures. 


















2. TENSILE TESTS 





| In view of the fact that a study of the literature revealed that the 
tensile properties of metallic materials are not adversely affected at 
temperatures down to —80° C, and since these tests are very time- 
consuming, it was decided to make tensile tests at room temperature 
and —78° C only. The only adverse effect of low temperature on 
tensile properties which might be expected would be exhibited in 
the ductility and it was felt that this property could be better 
evaluated by means of the impact tests. 

All tensile tests were made in duplicate in an Amsler hydraulic 
testing machine of 50,000-lb capacity. The type of specimen used 
for the tensile tests of all materials except the wrought aluminum 
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alloys is shown in figure 1. Because of the deleterious effect of not, hs 
the diameter of the tensile specimen at the gage marks was ma 
appreciably greater than the diameter of the gage length it; 
This design was effective in preventing breaks ‘through eee gas; 
marks. Strain readings taken on such a specimen, however. wer 
slightly lower than the true strain readings over the full gage lengt} 
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Fiacure 1.—Specimens used for tensile and empact tests of all materials except the 
wrought aluminum alloys. 


A, tensile specimen; B, impact specimen. 


of uniform diameter and the resultant stress-strain curve gave 4 
modulus of elasticity which was higher than the actual value. A 
correction (—6.5 percent) calculated from the shape of the specimen, 
was applied to all determinations of modulus of elasticity. 

Since the wrought aluminum alloys were supplied in plates } in. 
thick, it was necessary to use a different type of rd specimen 
(fig. 2) for these alloys. As before, the cross-sectional area at the 
gage marks was somewhat greater than the area of the reduced set- 
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Figure 3.—Eziensometer and cooling-bath 
assembly used in the tensile tests. 


tion and a correction (—2.4 pe. 
cent) was applied to all caloy. 
lations of modulus of elasticity 
Tensile tests of all wrought ql). 
minum alloys were made q, 
specimens taken both longityd. 
inally and transversely to the 
direction of rolling. 

It was necessary to desig 
and construct a special extengsp. 
meter (fig. 3) to obtain strain 
measurements at the low tem. 
perature. The strain cage 
were Ames dials reading (j. 
rectly to 0.001 in. and strain 
measurements were estimated 
to the nearest 0.0001 in. |; 
making tensile tests at —78° ( 
an insulated container (fig, 3 
was screwed on the bottom oj 
the specimen directly above the 
lower adapter. This container 
was then filled with cracked 
carbon dioxide and the 50-3 
mixture of carbon tetrachlond 
and chloroform. Specimens 
were held at temperature for 
about 20 or 30 min before test- 
ing. Preliminary surveys o! 
this set-up showed a tempers- 
ture variation in the gage lengt! 
of the specimen of about +1° 
at —78°C. 


3. HARDNESS TESTS 


Hardness tests were made 
with a Rockwell machine, using 
the appropriate scale, and five 
determinations were made 00 
each specimen. An insulated 
container, made integral with 
an anvil which fitted into the 
elevating screw of the machine, 
was used to hold the refrigerat- 
ing mixture. The anvil pro 
jected about 13 in. above the 
bottom of the container. An 
adapter, fitted into the head of 
the machine, carried the pene- 
trator well below the surface 0! 
the refrigerating mixture. Thus 
the test specimen, anvil, and 
penetrator were all immersed 
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B Rosenderg) 


fin the cooling bath during the test. Specimens were held at tem- 


B® perature for about 20 or 30 min before testing. 


4. IMPACT TESTS 


» The type of test specimen used for impact tests of all materials 
§ except the wrought aluminum alloys is shown in figure 1. A modified 
specimen (fig. 4) was used for the latter in order to get some measure 
Sof the differences in impact resistance caused by the cold-worked 
Pckin. With the wrought aluminum alloys, impact tests were made 
B on specimens taken both longitudinally and transversely with respect 
«0 the direction of rolling. Impact tests on the SAE steels were made 





45° “V" NOTCH, 079° DEEP, 
Oi" RADIUS AT BOTTOM 





|. +H 94° 
G.T.=GAGE THICKNESS, NOMINALLY .5° 


| Figure 4.—Location of Charpy impact specimens in wrought aluminum alloy plate. 


A, transverse specimen; B, longitudinal specimen. 


' in duplicate at all temperatures except +100° C, at which tempera- 
» ture four specimens were tested; impact tests on all other materials 
| were made in quadruplicate. The light metal alloys, with the excep- 
» tion of alloys 35 and 52S, were tested in a Charpy machine of 30 ft-lb 
s capacity; all other materials were tested in a machine of 224 ft-lb 
s capacity. The constants of these two Charpy machines were as 
§ follows: 

m Capacity_......_..-. : .-. 224.1 ft-lb 30 ft-lb. 

: Weight of hammer : ae cman» COORG ADena. css aebdb. 

§ Height of drop of hammer--------- oas 440 Me =.... 32556 ft. 

p Distance from center of axis of rotation to cen- 

s __terof gravity of striking mass____-__ Meee tess... WSs: 
Distance from center of axis of rotation to cen- 

> _ ter of percussion - 222s 1Seatt. 

; Velocity of hammer at time of impact______- 15.14 ft/sec. 
Distance between supports _ _ 


The specimens were placed in an insulated container holding the 
cooling bath, held at temperature for at least 30 min., and then quickly 
transferred to the impact machine and broken. The average time 
required to transfer the specimens from the cooling bath to the machine 
and then to trip the hammer was about 2 sec. Calibration of dummy 
: — showed no appreciable changes in temperature during this 
5 interval. 
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IV. MATERIALS TESTED 


The materials tested may be divided into three general groups, , 


follows: (1) Ferritic steels; (2) austenitic stainless steels and nic; 
alloys; and (3) light metal alloys (Al- and Mg-base). 


1. FERRITIC STEELS 


The term “ferritic steels’ is used in this report to designate | 
steels which contain alpha iron at room temperature, regardless of t}; 
method of cooling. The steels used in this study which fall into this 
classification are various SAE steels, a Cr-Ni-Mo steel and a harde. 
able stainless steel of the 16-Cr-2-Ni type. 


TaBLE 1.—Chemical compositions and heat treatments of the ferritic steels 
[Analyses of the SAE steels were made at the National Bureau of Standards. Compositions of the Cr-Nj-\y 
and the high-Cr-low-Ni steels are mill analyses. The high-Cr-low-Ni steel was furnished by the Rustlex 
Iron and Stee] Corporation. All other steels were furnished by the Bethlehem Steel Corporation, throyp: 
the courtesy of P. E. McKinney.] : 


Composition 


SAE Number —- 7 ——— ee — Heat treatment 
S | Si Ni Cr Mo V 


C |\Mn P 

ils —|/—|—- 
%\ % % | % |{Normalized—1 hr at 1,600° F, air-cooled, 

Heat treated—34 hr at 1,475° F, wate 


%\%\| % J \ % 
0. 45'0. 77,0. 0130. 022)0. 21 
quenched; 1 hr at 1,000° F, air-coole 
Cold drawn. 
Normalized—1 hr at 1,475 °F, air-cooled. 
|Hteat treated (low draw)—}¢ hr at 1,425° F, 
quenched; 1 hr at 600° F, air-cooled 
Heat treated (high draw)!—1 hr at 1,425° F, 
quenched; 1 hr at 1,075° F, air-cooled. | 
| {Normalized—1 br at 1,700° F, air-cooled p | 
.018} .017) . 26/3. 3 Heat treated—% hr at 1,475 °F, oil quenched 3 
| 1 hr at 1,000 °F, air-cooled. I 
Normalized—l1 hr at 1,600 °F, air-cooled, 
Heat treated (low draw)—% hr at 1,575 °F, oi! 
0. 980. 21)__ __|4 quenched; 1 hr at 600° F, air-cooled, 
| Heat treated (high draw)!—% hr at 1,575° F 
oil quenched; 1 hr at 1,075° F, air-cooled 
| Normalized—1 hr at 1,700° F, air-cooled. t 
. 96) - 0. 17\; Heat treated— hr at 1,625° F, oil quenched Ie 
| 1 hr at 1,175° F, air-cooled. 
|(Annealed—4 hr at 1,450° F, furnace cooled | 
| hr, then cooled to 1,100° F at the rate o! 
approximately 150° F per hr and then 
. 025) .29)1.80) 1.04) . 22)... — 2 F —— rate of approxi: 
mately 2 r hr. 
Heat treated—annealing treatment as above 
| then 3% hr at 1,520° F, oil quenched; | 





| | hr at 1,100° F, air-cooled. : 
High-Cr-low-| . . 44) .014) .024  . 26/1. 72/16, 27)____|_- Heat treated—1,800° F, oil quenched; 850° I 


Ni. | air-cooled. 


1 Impact tests only were made on these materials. 


All steels were received in the form of %-in. diameter rods. Heat 
treatments were carried out on the %-in. rods, the test specimens being 
subsequently machined therefrom. The SAE steels, with the single 
exception of one cold-drawn steel, were received in the hot-rolled con- 
dition. The Cr-Ni-Mo steel and the high-Cr—low-Ni steel were 
received as heat treated. Details of composition and heat treatment 
are given in table 1. 


2. AUSTENITIC STAINLESS STEELS AND NICKEL ALLOYS 


All these materials were received in the form of %-in. diameter rods. 
Details of compositions and heat treatments are given in table 2. 
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en al com position $a nd treatme nb: of the a ustenitic stain 


nickel alloy 


Composition 
Treatment 
Ni 


‘ ‘ ( fi ( | es Annealed—1 hr at 1,904 
7,0. 44:0. 012)0. 018 0. 50) 8. 63 22 | Fk, water quenched. 
Hot-rolled. 
Cold drawn. 
j Annealed—1 hr. at 1,900 
Y. 15 19. 2 } - oF F, water quenched. 
| Hot-roiled 
Cold drawn. 
Annealed- 1 hr. at 1,900° 
. 028) .32)10, 29,18. 97 : : |’ , water quenched. 
| } jet -rolled. 
| | Cold drawn. 
012) . 42) 8. 93/18. 5: 3. 36 ; _.| Annealed (exact treat- 
| | ment unknown). 
. 019) . 48) 7.88/18 2. | Cold drawn. 
. 27| diff. 3 7 |29.9 | Cold drawn and then 
tempered to grade C 
| (300 BHN). 
| diff 0. 10)1.7 |29.2 | Cold drawn. 
3; diff nd 10. 10 6. 03 Do. 
| Hot-rolled, then annealed 
2 hr at 1,750° F and 
quenched in alcohol. 
Cold drawn, then nor- 
malized at 525° F and 
air-cooled. 


} 
| 
| 


not detected. 
3. LIGHT METAL ALLOYS 


The light metal alloys were furnished in the following forms: (1) 
Cast aluminum alloys, bars 12 in. long, % in. diameter; (2) cast mag- 
nesium alloys, bars 8 in. long, % in. diameter; (3) wrought aluminum 
alloys, plates 30 in. (in the direction of rolling), 12 in. wide, % in. 
thick; and (4) extruded magnesium alloys, bars about 15 ft long, \% 
in. square. Details of composition and treatments are given in 
ible 3. 

TaBLE 3.—Chemical compositions and treatments of the light metal alloys 


ilyses were made at the National Bureau of Standards except those of alloys 195-T4, 220-T4, 355-T4, 

, which were furnis hed by the Aluminum Company of America. Referring to the wrought 

m alloys, items finishing in the as-rolled or heat-treated condition were hotrolled directly to 

e. Items finishing in the RT temper were hot rolled to 542 percent above the finished 

hickness, heat treated, and cold rolled to the final gage. All treatments applied to both the aluminum- 
and magnesium-base alloys were performed by the manufacturer] 


Composition 

| ae ee ay 2) aa SU Oe —| Treatment 
i| Fe lou ‘Mn| Zn} Me | Al | sn | cr 
| | |. 


| As rolled. 
“hy hr at 935° to 945° F, water quenched. 


1 hr at 916° to 924° F, water quenched. 


| diff.|.___|.___])2 hr at 960° to 970° F, water quenched; aged 
diff. | f 18 hr at 290° F. 
| diff.|0.04/_.__| 134 hr at 960° to 970° F, water quenched; 
} | aged 18 hr at 320° F. 
diff.|_.__|0. 27) As rolled. 
diff. | ___| AS cast, 16 hr at 960° F, quenched in water 
| at 200° to 212° F. 
| As cast, 16 hr at 810° I’, quenched in oil at 


| | | | 
- 13/0. 03) ..._}..-}10. 49) diff.|___ 
| 250° 


281.98). | 0.49) aif] __.| As east, 16 hr at 980° F, quenched in water 


; 4 at 200° to 212° F. 


269047—41——_5 
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TABLE 3.—Chemical compositions and treatments of the light metal alloy 


l'reatment 


Si | Fe|Cu|Mn/Zn 


-T4 6.71) . 26'0.08 . 25) diff As cast, 16 hr at 1,000° F, qu 
water at 200° to 212° F 
Dowmetal M 01 j 0. 02 16 hr at 750° F, followed at once, wit} 
quenching, by extrusion at 750° } 
then air-cooled 
Dowmetal J § Do 
Experimental ) 5 {4 16 hr at 700° F, followed at once, wit 
Dowmetal quenching, by extrusion at 750° | 
then air-cooled 
As sand cast. 
As sand cast, then 16 hr at 
air-cooled 
As sand cast, then 16 hr at 77 
cooled, and aged 16 hr at 350° F 
As sand cast 
As sand cast, then 4 hr at 630 
at 720° F and air-cooled 
As sand cast, then 4 hr at 630° F 
at 715° F, quenched in hot w 
aged 16 hr at 350° F 


Dowmetal H 


nd=not detected. 


Since the cold work given to heat-treated aluminum alloys 
essentially a skin effect, it would not be expected that material 4-i) 
thick would be representative of fully worked aluminum alloys. [i 
was felt, however, that the trend in mechanical properties caused bj 
cold working would be indicated by the tests. 


V. RESULTS OF TESTS 


1. FERRITIC STEELS 
(a) TENSILE TESTS 

The tensile tests (figs. § and 6 on the ferritic steels showed the 
following changes in properties at —78°C as compared to room 
temperature: (1) The tensile strengths increased between 10,000 and 
20,000 Ib/in*; (2) the yield strengths increased between 7,000 and 
22.000 lb/in *, with the greater increases occurring in the heat-treated 
steels; (3) the modulus of elasticity was unaffected, except for the 
normalized SAE 2330 steel, where loss resulted; and (4) the elongation 
values usually exhibited a slight increase, while reductions of area 
were sometimes lower, thus indicating no significant changes in duc- 
tility. The modulus of elasticity of the normalized SAE 2330 steel 
was also decreased at room temperature after previous exposure al 
—~78°C. With this one exception, the results of these tests indicated 
quite definitely that the temperature of —78°C had no deleterious 
effect upon the tensile properties of any of the ferritic steels studied. 


(b) HARDNESS TESTS 


As a general rule, the hardness of the ferritic steels tended to 
increase slightly as the test temperature decreased to —78° C (fig. ¥. 


(c) IMPACT TESTS 


The results of the impact tests on the ferritic steels are given in 
figure 8. An examination of this figure reveals that all steels which 
had an appreciable resistance to impact at room temperature lost 3 
ereat portion of this impact resistance at —78° C. 
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Decreasing temperatures had but little effect upon the impact p. 
sistance of the steels which were relatively brittle at room tempers. 
ture. At +100° C, however, the impact resistance of some of thos, 
steels was considerably increased. These steels, then, are those whic! 
undergo the transition from tough to brittle material at some ter. 
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Ficure 6.—Effect of test temperature upon the shengatien-and-reductton-of area of the 


ferritic steels. 


perature above room temperature and are, therefore, most unsuited 
for use at low temperature. The steels in which the transition range 
occurred above room temperature under the test conditions described 
in this report are as follows: 


SAE 1045 as cold drawn and as normalized. 

SAE 1095 as normalized and as heat treated (both high and low 
draw). 

SAE 2330 as normalized. 

SAE X4130 as normalized and as heat treated (low draw). 

SAE 6130 as normalized. 

High-Cr-low-Ni steel as heat treated. 
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Decreasing temperatures had a marked deleterious effect, however, 
spon those steels which had a relatively high resistance - imp act at 
room temperature. Itis worthy of note that at -+ L00° C the impact 
resistance of these steels was no better than at room ae 
: fact in the case of the heat-treated SAE 6130 steel it was decidedly 

In these steels the temperature at which considerable resistance 
impact is developed is room temperature or even lower; the transi- 
nn range is thus moved to lower temperatures and the re fore these 
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N- NORMALIZED 
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FIGURE 7.—Effect of test temperature upon the-hardness of the ferritic steels. 
t f 


i¢ points indicated by the symbol “‘X”’ represent specimens which had been cooled to and held at —78° C 
for several hours prior to testing at room temperature. 


steels are more suitable for use at sub-zero temperatures. ‘These 
steels were as follows: 
SAE 1045 as heat treated. 
SAE 2330 as heat treated. 
SAE X4130 as heat treated (high draw). 
SAE 6130 as heat treated. ° 
Cr-Ni-Mo steel as annealed and as heat treated. 
It may be noted that the normalized SAE steels tested did not have 
a very great measure of resistance to impact at room temperature and 
even less at —78°C. When they were properly heat treated, however, 
~ impact resistance was considerably improved. It is well known 
that maximum impact resistance is developed in steels which have | 
been completely sorbitized. The effect of a high and low tempering 
treatment upon the impact resistance may be observed in the case of 
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[he points indicated by the symbol ‘‘X”’ represent specimens which had been cooled to and held st 
—78° C for several hours prior to testing at room temperature. 
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he SAE X4130 steel. When tempered at 600° F subsequent to 
hardening this steel had an impact resistance of only 12 ft-lb at room 

mperature and 10 ft-lb at —78°C. When tempered at 1,075° F, 

wwever, the values were 75 and 29 ft-lb, respectively. The effect 
{this higher tempering treatment was to move the transition range 
‘1 this steel from above +100° C to below —40° C. The SAE 1095 
steel was normally coarse-grained and brittle and tempering at 
1.075° F failed to cause any significant improvement in impact resist- 

nee as compared with the steel tempered at 600° F. 

The test data showed that the 16-Cr—2-Ni steel did not have very 
cood impact resistance when tempered at 850° F. Some data, not 
vet available for publication, indicated that high impact resistance 
in this steel may be obtained with lower tempering temperatures. 
This is an extremely unusual trend and a detailed study of this par- 
ticular type of steel is in progress. 

It is incorrect to assume that a stecl having the highest resistance 
to impact at room temperature would always maintain this superi- 
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& 9.—Diagram illustrating general effect of low temperatures upon the impact 
resistance of ferritic steels. 


rity at —78°C. For instance, at room temperature the heat-treated 
SAE X4130 steel (high draw) had an impact value of 75 ft-lb as 
compared with 104 ft-lb for the heat-treated SAE 6130 steel; but at 

-78° © this order was reversed, the values being, respectively, 29 
and 17 ft-lb (fig. 8). Also, SAE 1045 as heat treated had only about 
one-half the impact resistance of SAE 6130, at room temperature but 
both steels had the same values at —40° and at —78° C. 

The rate at which the impact resistance drops with decreasing 
temperature is also important, being rapid in some steels and gradual 
in others. As a general rule, the steels showing a gradual drop in 
impact resistance with decreasing temperature should be more suitable 
for sub-zero service than those showing a more abrupt drop. 

The general effect of low temperatures upon the impact resistance 
of ferritie steels is diagrammatically illustrated in figure 9. The 
shaded area represents the scatter of energy absorbed. In the tran- 
sition range, in which the impact resistance decreases more or less 
rapidly, there frequently occurs a marked scattering of test values. 
The results of tests at temperatures above “X’’ and below ‘“Y”’ are 
usually in fair agreement. 
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An examination of the fractured surfaces of impact test specime;; 
reveals a certain correlation between their appearances and the shay 
of the impact-temperature curve. At temperatures above “X” 4), 
fractures have a dull, fibrous appearance; there is a considera} 
amount of deformation and they are typical of what are usual); 
referred to as tough fractures. Below temperature “Y” the fracture: 
have a bright, crystalline appearance; there is very little deformatio, 
and they are typical of what are usually referred to as brittle fracturps 
Between these two temperatures (the transition range), fracture 
having a partly tough and partly brittle appearance are not yp. 
common. 

This is exemplified in figure 10 which shows duplicate impact speci- 
mens from a steel tested at room temperature (SAE X4130 as normal. 
ized). Sample A broke with almost an entirely brittle fracture. 4 
small part of the fracture, representing the area occupied by a slic; 
cup and cone at the sides and a small area at the bottom, had t! 
characteristics of the tough type. About 85 percent of the ar 
covered by the fracture was of the brittle type and about 15 percent 
of the tough type, and the impact value absorbed in breaking wa: 
19 ft-lb. In check specimen J, a thin layer of fibrous appearance; 
existed immediately below the notch. The cup and cone was deep: 
and there was a considerable amount of deformation at the botton 
while in sample A there was none. About 60 percent of the are: 
was of the tough type and about 40 percent was of the brittle typ; 
and the energy absorbed in breaking was 54 ft-lb. The same phe- 
nomenon was also observed at 0° C. 

At —20° C and below, only the brittle type of fracture was observ 
and the impact resistance was relatively low. At +100° C only i 
tough type of fracture was observed and the impact resistance was 
high. It is probable that, had tests been made at some temperature 
between room temperature and +100° C, good check results would 
have been obtained. It is apparent, then, that in this particular 
steel and under the test conditions described, the transition rang 
exists between about —20° C and some temperature between roo! 
temperature and +100° C. As a matter of safety, only the low 
impact values obtained in the transition range should be used 11 
evaluating the impact resistance of all steels. 

The appearances of the fractures are good indices of whether or no! 
the materials are cold brittle at the temperature of testing. This |: 
illustrated in figure 11, which shows the impact fractures of SAE 104) 
steel as normalized, as heat treated, and as cold drawn. Both th 
normalized and cold-drawn steels exhibited brittle fractures at roon 
and lower temperatures; reference to figure 8 corroborates the fa 
that the transition range of the steel thus treated exists above roon 
temperature. At +100° C the normalized steel exhibited a fracture 
which was almost entirely of the tough type (fig. 12). The heat- 
treated steel, however, exhibited a fibrous fracture at test temperatures 
down to —20° C, while evidence of a brittle fracture was first found at 
—40°C. The impact-temperature curve (fig. 8) locates the transition 
range of the heat-treated steel below —20° C. 

The fact that temperature is only one of the variables which affect 
the brittleness of materials should be emphasized. Other importa! 
variables are shape and size of specimen and the velocity of deforma- 
tion. In the impact tests described in this report all these variables 
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Appearance of the impact fracture of normalized SAE X4130 steel 
broken at room temperature. x 3. 


A, Brittle fracture, 19 foot-pounds 
B, Tough fracture, 54 foot-pounds 
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Appearance of the impact fracture of normalized SAE 1045 steel. 


1, Broken at room temperature, 15 foot-pounds. 
B, Broken at 100° C, 35 foot pounds 
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ept temperature, were arbitrarily fixed and the data thus secured 


ave information about the relative value of these steels at low 


‘emperatures. If any one of the other variables had been changed, 
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IGURE 13.—Hffect of test temperature wpon the yield strength, ultimate tensile 


trength, and modulus of elasticity of the austenitic stainless steels and the nickel 
alloys. 


1e temperatures at which cold brittleness appeared might have heen 
ite rent. 
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2. AUSTENITIC STAINLESS STEELS AND NICKEL ALLOYS 
(a) TENSILE TESTS 


The tensile tests (fig. 18 and 14) on the austenitic stainless steels 
and nickel alloys showed the following changes in properties at —78° C 
as compared with room temperature: 

Stainless Steels —(1) The tensile strengths increased between 20,000 
nd 80,000 Ib/in?; (2) the yield strengths generally increased between 
3,000 and 20,000 Ib/i in?, although in some cases there was no change or 

even a small dec rease; (3) the modulus of elasticity was unaffected ; 
and (4) the duc tility showed no significant changes, although the 
elongation values usually exhibited a slight increase, while reductions 
of area were usually lower. 
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Nickel Alloys. (1) The tensile strengths increased between 8.000 
and 15,000 Ib/in*; (2) the yield strengths increased approximately 
5,000 lb/in?; (3) the modulus of elasticity varied somewhat but the 
changes were not significant; and (4) the ductility showed no significan{ 
changes, although the values for elongation increased slightly. 
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FicurE 14.—Effect of test temperature upon the elongation and reduction of area of 
the austenitic stainless steels and the nickel alloys. 


(b) HARDNESS TESTS 


The hardness of these materials, in general, tended to increase 
slightly as the test temperature decreased (fig. 15). 


(c) IMPACT TESTS 


The results of the impact tests on the austenitic stainless steels and 
the nickel alloys are given in figure 16. Neither the nickel alloys nor 
the austenitic stainless steels were much affected at the lower 
temperatures. 

In view of the remarkable toughness of these materials at room 
temperature and the negligible effect of temperatures as low as —78° 
C upon this property, it was apparent that these materials are well- 
suited for low temperature service. Under the test conditions used, 
this class of materials exhibited no evidence of cold brittleness down 
to temperatures as low as —78° C. 
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3. LIGHT METAL ALLOYS 
(a) TENSILE TESTS 


The results of the tensile tests on the aluminum-base alloys are 
immarized in figures 17 and 18. The tensile and yield strengths of 
si se materials were but very slightly increased, w hile the e longation 
and reduction of area showed no consistent change at —78° C. The 
results justified the conclusion that there was no significant ch: ange in 
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TEMPERATURE OF TEST~°C 
Ficure 15.—Effect of test temperature upon the hardness of the austenitic stainless 
steels and the nickel alloys. 


he points indicated by the symbol ‘‘X”’ represent specimens which had been cooled to and held at 
—78° C for several hours prior to testing at room temperature. 


these properties at the low temperature. The modulus of elasticity 
tended to increase somewhat at —78° C. 

Although not a full measure of the benefits derived from cold 
working subsequent to heat treatment, the data (figs. 17 and 18) 
show conclusively the trend in tensile properties caused by cold 
work. The tensile properties of specimens taken transversely to the 
direction of rolling were generally somewhat inferior to those of 
specimens taken longitudinally with the direction of rolling. 

The results of the tensile tests on the magnesium- -base alloys are 
summarized in figures 19 and 20. The yield strengths of all these 
alloys were higher at —78° C than at room temperature. The tensile 
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Ficure 16.—-Effect of test temperature upon the impact resistance of the austenitic 
stainless steels and the nickel alloys 


The points indicated by the symbol “X” represent specimens which had been cooled to and 
held at —78° C for several hours prior to testing at room temperature. 
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Fricure 19.—Effect of test temperature upon the yield strength, ultimate tensile 
strength, and medulus of elasticity of the magnesium alloys. 
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FicguRE 20.—Effect of test temperature upon the elongation and reduction of area 
of the magnesium alloys. 
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strengths of the extruded Dowmetals were also higher at the low tem. 
perature but the effect of low temperature on the cast Dowmetal | 
was rather irregular. Elongation and reduction of area were general); 
slightiy decreased at —78° C. Measurements of the modulus ; of 
elasticity ¢ ould be made only on the extruded Dowmetal, because of the 
type of specimen used. In the case of Dowmetal M and the experi- 
mental Dowmetal, no change in the modulus was observed at —7 
©, but a definite increase occurred in Dowmetal J. Prolonged exposur 
at —78° C prior to testing at room temperature generally caused no 
significant change in any of the tensile properties, with but < one 
exception thereduction of areaof Dowmetal! J wasmarkedly incre: 
after this treatment. 

(b) HARDNESS TESTS 


The results of the hardness tests on the aluminum- and magnesiun 
base alloys are summarized in figures 21 and 22, respectively. All of 
the materials increased in hardness as the test temperature decreased, 
Prolonged exposure at —78° C prior to testing at room temperatu 
had no significant effect upon the hardness of any of these alloys except 
in the case of the cast Dowmetals, in which this treatment seemed t 
cause a slight increase. 

(c) IMPACT TESTS 


The results of the impact tests on the wrought aluminum alloys ar 
summarized in figure 23. The general effect of decreasing test tem- 
peratures was either to increase slightly or else not to affect the resist- 
ance to impact of these materials. In some cases in which there was 
an apparent decrease in the impact resistance at certain temperature: 
the resistance at —78° C was still not inferior to the impact resistance 
at room temperature. The relatively low ratio of cold-worked ares 
to the total cross section of the alloys finished in the RT temper was 
sufficient to cause some decrease in the impact resistance; low tempera- 
tures, however, were not injurious to this property. The impact 
resistance of specimens taken transversely to the direction of rolling 
was definitely inferior to that of specimens taken longitudinally with 
the direction of rolling. Since the impact tests on these alloys were 
secured on the type of specimen shown in figure 4, these values, except 
to indicate the trend of the effect of temperature, cannot be compared 
numerically with values of the impact resistance of the cast aluminum 
alloys nor of the Dowmetals. 

The effect of temperature upon the impact resistance of the casi 
aluminum alloys is summarized in figure 24. Although the resistance 
to impact of these cast alloys was generally quite low, temperatures 
down to —78° C had no adverse effect exc ept on alloy 220-T4. 

The results of the impact tests upon the Dowmetals are summarize 
in figure 25. The impact resistance of the cast Dowmetals G and i 
was quite low in all three conditions tested and was unaffected by tem- 
peratures down to —78°C. Of the extruded magnesium alloys, Dow- 
metal M showed no greater impact resistance at room temperature 
than did some of the cast magnesium alloys, but Dowmetal J and the 
experimental Dowmetal showed a definite improvement in this prop- 
erty. However, the impact resistance of all three of these alloys 
decreased steadily as the test temperature decreased. 
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nts indicated by the symbol ‘X”’ represent specimens which had been cooled to and held at 
—78° C for several hours prior to testing,at room temperature. 
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VI. SUMMARY AND CONCLUSIONS 


The effect of sub-zero temperatures down to —78° C was do 
mined upon the tensile, hardness, and impact properties of met,) 
commonly used in aircraft construction. These materials y 
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The points indicated by the symbol ‘“‘X”’ represent specimens whieh had been cooled to and held 4 
—78° C for several hours prior to testing at room temperature. 


divided into three general groups: (1) Ferritic steels, (2) austeniti 
stainless steels and nickel alloys, and (3) light-metal alloys. 

The tensile properties and the hardness of all materials were gener 
ally improved at low temperatures. The resistance to impact of thi 
ferritic steels decreased generally as the test temperature was lower 
the rate and nature of the decrease being dependent upon the type (! 
steel and its treatment. The impact resistance of the austemll 
stainless steels and the nickel alloys was not deleteriously affected ai 
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were considered best adapted for service at low temperatures. 

» impact resistance of the aluminum-base alloys was not decreased ; 

hp impact resistance of the wrought magnesium-base alloys was ad- 

opsely affected by the low temperatures, while that of the cast 

onesium-base alloys was not. These last-named materials were, 
ever, extremely brittle even at room temperature. 
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FIGURE 23. 
aluminum alloys. 


rhe points indicated by the symbol ‘‘X”’ represent specimens which had been cooled to and held at 
—78° C for several hours prior to testing at room temperature 
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FiGuRE 24.—E. of lest temperature upon the impact resistance of the cast 
aluminum alloys. 
(he points indicated by the symbol ““X’”’ represent specimens which had been cooled to 
- C for several hours prior to testing at room temperature. 
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PHOTOMETRIC PROCEDURE USING BARRIER-LAYER 
PHOTOCELLS 


By Louis E. Barbrow 


ABSTRACT 


weedure is described whereby barrier-layer photocells, corrected so as to 
pectral response curve simul ating the ICI luminosity curve, are used in 
photome try of light sources of various colors and in the determination of the 
mission factors of colored filters. The procedure involves a determination of 
illumination-response curve of the cell used, a method of avoiding the difficul- 
s incident to cell fatigue, and a means for correcting for the improper spectral 
sitivity of the cell. The method of correcting for the difference between the 
tral response of the cell used and the ICI luminosity curve embodies essen- 
the procedure recommended in 1937 by the International Committee of 
| Measures for the photometry of light sources which differ in color. 

Its obtained using the recommended procedure are given. 


CONTENTS 


I. Introduction 
II. Circuit. 
HY. I meget response curves 
iV. Fatigue characteristics _ 
Correction for improper spectral response 
VI. Conelusion - : Re tase ee 


I. INTRODUCTION 


Historically, the advent of new light sources has always introduced 
the difficult problem of measuring them photometrically. Starting 
back only as far as 1909, we have several outstanding examples of this 
ituation. In 1909, candle] ower values were assigned to groups of 
carbon-filament incandese we lamps by the national standardizing 
Hlaboratories of England, France, Germany, and the United States. 
These were to serve as the basic standards by means of which the unit 

luminous intensity was to be maintained. Later, vacuum tungsten- 

— lamps and then gas-filled tungsten-filament lamps became 
mmercially available, and the various national standardizing 
watories independently derived photometric standards of these 
pes in terms of the basic carbon-filament standards. Because of the 

r differences involved in such measurements, it has been found that 
various laboratories are not in agreement on the tungsten-filament 

indards, even though they started in substantial agreement on the 

rbon-filament lamps. The principal reason for this is that different 

photometric procedures were used by the different laboratories to 
ercome the color differences involved. 


} 
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‘he International Committee of Weights and Measures in 1937 
S : ae ; 
acreed on a procedure to be followed in deriving photometric standar( 
of other colors from the primary standard as follows: 

(a) The photometric values of sources having a color different from the primar 
standard shall be determined by a procedure consistent with the luminosity eyr; 
adopted by the International Committee of Weights and Measures.? ‘ 

(b) To assure uniformity in the procedure of passing from the new priman 
standard to secondary incandescent filament standards of higher efficiency t¢} 
is adopted the method of blue filters interposed between the photometer and , 
of the light sources to be compared, thus establishing a color match.’ 


Iry 


More recently mercury-vapor lamps and fluorescent lamps oj 
various colors have come into commercial use and these have pre- 
sented in an exaggerated form the same general type of problen 
relative to their photometry. 

The object of this paper 1s to outline a procedure for the photometn 
of light sources of any color by the use of barrier-layer photocells 
The procedure embodies in general that adopted by the Internationa! 
Committee of Weights and Measures in 1937. It involves the deter- 
mination of (1) the current response of the cell used over a usef\! 
range of illumination, (2) the effect of fatigue on this response, and (3 


the effect of improper spectral sensitivity and a means of correcting 


for it. 
II. CIRCUIT 


The circuit in which the barrier-layer cell should be used is a current- 
balancing circuit giving, in effect, zero external resistance in seri 
with the photocell in a manner recommended by Campbell an 
Freeth * in 1934. The circuit used in the work herein described ; 
illustrated in figure 1. #£ is the barrier-layer cell; G, a galvanomete: 
of high current sensitivity; S, a suitable galvanometer shunt; K, 2 
Kohlrausch slide wire having resistance 72 (7 ohms); e, a 1.5-volt dry 
cell; 7;, a 100-ohm resistance; and 73, a variable resistance, preferabl; 
not less than 1,000 ohms. The resistance of the leads from the bar- 
rier-layer cell to the galvanometer must be negligibly small. The 
current generated in the cell as the result of illumination may } 
balanced by setting the Kohlrausch slide wire, balance being indicated 
by zero deflection of the galvanometer. Under this condition, the 
current output of the barrier-layer cell, B, is equal to the current 
iz, in the resistance r; and is proportional to the potential difference 
between points a and 6, r; being constant. The potential diiferenc 
between a and 6 is nearly proportional to the resistance, r, between 
points a@ and 6. The degree of approximation involved may be 
deduced from the following expression for the current, 73: 

vy 
ee ee a ee 17. 
y (titre) —yretrs + 


2 
9 


in which y=r/r, and v is the voltage of the dry cell, e. 


1 Procés Verbaux, Comité International des Poids et Mesures, p. 223 (1937). ‘ 

2 This luminosity curve represents the luminosity factors adopted in 1924 by the International Commission 
on Illumination, and is known as the ICI luminosity factors (formerly called ‘‘visibility factors”). The dats 
on which it is based were reported by K. 8. Gibson and E. P. T. Tyndall in Scientific Papers of the Bureau 
of Standards, volume 19, page 131, 1923-24 (S475) and, in briefer form, in the Transactions of the Iiuminating 
Engineering Society, volume 19, page 176, 1924. See also a comprehensive paper ‘Spectral Luminosity 
Factors,” by K. 8. Gibson, in the Journal of the Optical Society of America, volume 30, page 51, 1940. 

3 The blue filters used in accordance with section (b), quoted above, are calibrated by determining tneir 
spectral transmission curves and calculating the integra! transmission for light from the primary stan lard 
by means of the luminosity factors. 

4N. R. Campbell and M. K. Freeth, J. Sci. Instruments 11, 125 (1934). 
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On the basis that the voltage, v, is constant, the maximum error, 
‘n assuming that 23 is proportional to 7, is 1007,72/(rer3+717r3) percent 
‘n all cases where 7; is greater than 72. ‘This expression for the maxi- 

im error is obtained by finding the maximum variation in the 
| nominator of eq i. 

For values of 73 above 7,000 ohms in the circuit described above, the 
maximum error possible from assuming that 7; is proportional to r, 
is less than 0.1 percent, and the error decreases with increasing 
values of 73, so that it may be neglected if r; is suitably high. In 
this ease the current output of the barrier-layer cell, £, with zere 
voltage across it, is very closely proportional to the setting of the 
Kohlrausch slide wire, assuming, of course, that the Kohlrausch slide 
wire itself has been calibrated and found to be uniform. If in the 
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Figure 1.—Diagram of circuit. 


use of this circuit, a resistance, 73, much less than 7,000 ohms is used, 
corrections can be made by the use of eq 1. 


III. iLLUMiNATION-RESPONSE CURVES 


In the present work, the barrier-layer cells studied were two 
Weston Photronic cells ‘with Viscor 5 filters, designated NBS 9152 
and B39. Hereafter in this paper these cells together with their 
Viscor filters, will be referred to simply as ‘‘cells.”’ 

in the determination of the response of these cells over a range of 
illuminations, a box containing ten 15-watt T-10-bulb vacuum tuneg- 
ten-filament lamps, with a shutter in front of each lamp, was used. 
The box is illustrated in figure 2. The Pecenmne, similar to that 
recommended by Atkinson, Campbell, Palmer, and Winch,® was as 
follows: 

It was decided to use a range of illuminations of 0.6 to 18 foot- 
candles. The box was set at such a distance from the cell being tested 
that the illumination on the cell from one of the lamps was approxi- 
mately 0.6 foot-candle. With one lamp illuminating the cell, the 
resistance of r3 was set so that the reading of the index of the Kohl- 
rausch slide wire was slightly less than 100, full scale being 1,000. 
The reading of the index for each lamp was recorded as shown in 
column 2 of table 1, the lamps in turn illuminating the cell when 
their shutters were opened. The shutters were then opened in groups 
first, lamps 1 and 2 illuminating the cell, then lamps 1, 2, and 8, 
ete. The index readings are rec orded in column 3 of table 1. Column 
vives the calculated values for lamps 1; for 1 and 2; for 1, 2, and 
3, ete., obtained by adding successively the values listed in column 


:M, E. Fogle, Trans. Illum. Eng. Soc. 31, 773 (September 1936). 
J, R. Atkinson, N. R. Campbell, E. H. Palmer, and G. T. Winch, Proc. Phys. Soc. (London) 50, 934-946 
(November 1938). 
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TABLE ] Data for ieteé rmining response curve of barrier-laye cell NBS 


Kohlrausch slide wire 


2. The differences between the values in columns 3 and 4 are { 


errors in the response of the cell at the various illuminations relati 
to the reading at 0.6 foot-candle. These errors are listed in colun 


FIGURE 3. Calibration Curve of two barrie r-laye r cells. 


5, the percentage errors in column 6. The above procedure gu 
data on the cell from 0.6 to 6 foot-candles. The lamp box was th 
moved closer to the cell, so that the illumination on the cell from o1 
lamp was approximately 1.8 foot-candles. The procedure was t- 
peated, and data on the cell were obtained for the range 1.8 to |! 
foot-candles. The illumination-response curves obtained for the ty 
cells are shown in figure 3. The data given in table 1 for cell NB: 
9152 are designated by open circles in figure 3. Other similar seri 


of data, taken over a period of 6 months, are designated by the ot! 





esearch of the National Bureau of Standards Research Paper 1348 


FIGURE 2. Lamp box and carr rage. 


rhe shutters of lamps 3, 4, 7, and 9 are shown closed 
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bols in figure 38. The data designated by the symbols V and A 
obtained with a blue-glass filter in front of the barrier-layer 


This filter is one which is used with vacuum tungsten-filament 

to color-match them with gas-filled tungsten-filament lamps. 

. noted that the response curve of the cell for lamps of the 

mperature of gas-filled lamps is within experimental error, 
as the curve for vacuum lamps. 


IV. FATIGUE CHARACTERISTICS 


arrier-layer cells cannot be used in precision photometry with- 
a knowledge of their fatigue characteristics. In fact, without 
knowledge the derivation, with sufficient accuracy, of curves 

ich as those shown in figure 3 is not possible. A study of cells NBS 
532 and B39 showed that they had fatigue curves of the type shown 
1(A), where current is plotted against time under constant 
‘ination. The current from the cell first rises, becomes approxi- 
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i E (FOOT 
Fatigue characteristics of barrier-layer cells used. 


e; B, curve of illumination against time, ¢, for obtaining maximum current. 


itely constant, and then decreases. Reproducible results with 
hese cells can be obtained by always measuring the current at time, ¢, 
the current is a maximum. The time, ¢, is a function of the 
lumination £, as shown approximately in figure 4(B), for the two 
in question. This curve indicates, for example, that for an 
lumination of 0.5 foot-candle, the cells should be illuminated for 
about 3% minutes before a reading is made. It was also found that 
the cells should not be continuously exposed to an illumination, /, 
a time longer than 2¢, and also that between exposures the cells 
ild be permitted to recover for about 1 minute for illuminations 
) approximately 3 foot-candles and for about 2 minutes for higher 
eid itions. 


CORRECTION FOR IMPROPER SPECTRAL RESPONSE 


| For best results, the photoelectric cell used should have a spectral- 
oo curve approximating the ICI luminosity curve. A test 

the spectral response of cell NBS 9152, used in this work, indicated 
that it had a curve similar to that described by Fogle for cells of this 
ltype. A test of the response of this cell for various spectral-cnergy 
distributions was made by measuring with it the transmission of a 
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croup of colored filters used by Crittenden and Taylor J in an int : 
laboratory comparison in 1929. The data obtained are listed in eo). 
umm 4 of table 2. Column 3 of table 2 lists the transmission of t}, 
filters calculated from spectrophotometric data. These values gy, 
taken from the paper by Crittenden and Taylor. It will be note, 
that the agreement between the spectrophotometric values and jj. 
measured values is good (within 3 percent) except for the red filte 
(DiR-3 and MR-3) and the amber filter (OA-3). In the case of fil. 
UR-3, the difference is over 10 percent. 

TABLE 2.—Transmission factors of colored photometric filters for light of coly: 

temperature 2,680° K 


Transmis- Measured transmission, 

sion from using Weston Photronic 

Spectral spectropho- | cell with Viscor filter 
centroid | tometric and |_ 
| ICI luminos- | 

| ity data Uncorrected | Corrected | 


Percent Percent 
DR-3 327 2.35 | 13. 75 2.3 
MR-3 j ; | 20.8 
OA-3 g 38. 6 41.3 
A-3. 58% 7.3 48. 6 
BS-73.. - 9 | 70.8 | 72.1 
LA-3.__. eee 575 3.6 | 74.0 
BS-66_ Ene ; | 45.1 
LB-3 x ae 556 : | 11. 21 


DG-3_... | 


To obviate the occurrence of errors of such magnitude in the deter- 
mination of the transmission of colored filters and in the photometry 
of light sources which do not approximately color-match the standard 
amps in terms of which they are to be measured, a ‘‘color-matching’ 
substitution method of photometry is recommended; that is, th 
colored filters to be measured or the light sources to be compared ai 
color-matched by the use of filters whose transmissions are know 
from spectrophotometric data. 

For example, light of color temperature 2,680° K, after passing 
through the filters listed in column 1 of table 2, was found to approxi- 
mately color-match light of color temperature 2,842° K passing 
through the filters listed in column 6 of table 2. These latter filters 
are from a large number of colored filters of known spectral trans- 
mission maintained by the photometry section of the National 
Bureau of Standards. The Crittenden and Taylor filters, when 
measured in terms of the color-matching filters, as described later, 
gave the results listed in column 5 of table 2. With the exception o! 
filter MR-3, the agreement between the transmissions from spec- 
trophotometric data (column 3), and the transmissions, as determined 
by the color-matching substitution method, is good. 

An example of the use of the color-matching substitution method 
in the calibration of light sources may prove of interest. The 
luminous intensity of a group of “daylight” fluorescent lamps and a 
eroup of “white’’ fluorescent lamps was to be measured in terms 0/ 
a group of gas-filled tungsten-filament standards. It was found by 
visual observation that the ‘‘white” fluorescent lamps approximately 
color-matched light of color temperature 2,842° K through blue filter 
15130, and that the “daylight’’ fluorescent lamps were approximately 


7E. C, Crittenden and A. H. Taylor, Trans. lum. Eng. Soc, 26, 153-207 (February 1929). 
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eolorematched by light of color temperature 2,842° K through blue 
ers 8438, 8456, and 8331 separately. Filter 8438 was slightly too 
al and filters 8456 and 8331 were not quite blue enough. The 
r-layer cell used was found to measure the transmission of filter 
15130 correctly to within 0.1 percent and that of filters 8438, 8456, 
and 3331 low by an average of 0.6 percent. The results obtained on 
the “daylight” fluorescent. lamps measured directly y against the gas- 

‘lled tungsten standards were therefore increased by 0.6 percent; no 
corrections were applied to the results obtained on the “white” 
duorescent lamps. Although this method of correction for color 
iifferences does not take into account the differences in spectral dis- 
tribution of the sources being compared (even though a color match 
prevails), it is felt that the method obviates large errors except, 
yerhaps, Where extreme differences in spec tral distribution remain. 
\s photoelectric cells become obtainable which, with or without 
filters, more closely approximate in spectral response the ICI lumi- 
nosity curve, the corrections for color differences will become pro- 

ressively smaller. 

The procedure outlined above was also used in the measurement 
of the luminous intensity of a group of vacuum tungsten-filament 
lamps at color temperature 2,360° K aa of a group of gas-filled 
tungsten-filament lamps at 2,727° K, both in terms of a group of 

rbon-filament lamps at 2,045° K.  Blue-glass filter 15130 was used 

; the color-matching filter in fe pping from 2,045° to 2,360° K, and 
again in stepping from 2,360° to 2,727° K. The average candlepower 
of each group of lamps ‘determined photoelectrically by the method 
diol above is given in column 2 of table 3. The values assigned 

to the lamps by other methods are given in column 3. The value for 
he vacuum tungsten-filament lamps listed in column 3 was obtained 
by visual photome try, using the blue-glass method recommended by 
ihe International Committee of Weights and Measures. The value 
for the gas-filled tungsten-filament lamps listed in column 3 is an 
verage of two values, one obtained by using the blue-glass method 
ecommended by the International Committee of Weights and 
Measures and the other obtained by comparison with a black body 
Fat 2,727° K,® the brightness of the black body at this temperature 
having been calculated from that at 2,046° K by means of the lumi- 
: nosity factors. 


1 
hliye 
Mu 


TABLE 3.— Calibration of vacuum and gas-filled incandescent lamps 


Color tem- 
perature of | 
lamps Photoelec- 
trically 





Candles 











The diffe rence between the assigned values on these lamps and those 
obtained photoelectrically are of the order of 1 percent, and can prob- 
ably be accounted for on the basis of the spectral difference between 
the radiant energy of higher color temperature and that of lower 


*H. T, Wensel, Wm. F. Roeser, L. E. Barbrow, and I’, R. Caldwell, J, Research NBS 
161-168 (1934) RP 699, 





710 Journal of Research of the National Bureau of Standards 


color temperature as transmitted by the blue filter, even thoys 


color match exists. 
VI. CONCLUSION 
It is felt that the procedure outlined in this paper is applicab), 

photoelectric photometry generally. Obviously, the curves and (a; 
given in this paper do not necessarily apply to barrier-layer ¢¢)j, 
other than those tested, even if they are of the same type. If th 
characteristics of the particular photoelectric cell used are deter. 
mined, and if corrections for color differences are made as reco 
mended above, it is felt that the photometric results obtained will } 
more consistent and possibly more accurate than those obtained } 
any direct visual procedure. The accuracy obtainable by followin: 
the method proposed will increase as photoelectric cells and correctiyy 
filters become available which more closely approximate the [(j 
luminosity curve. 


WasHineton, August 19, 1940. 
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SOME PROPERTIES OF THE PORE SYSTEM IN BRICKS AND 
THEIR RELATION TO FROST ACTION 
By Ray T. Stull and Paul V. Johnson 


ABSTRACT 


the study of certain properties of the pore system in bricks and their 
yn to frost action, the following determinations were made on seven series 
eks: Percentage of porosity; variation in porosity within a brick; permea- 
air and water; the flow of air through two members in series; mean effee- 
llary radius and the number of capillaries in an ideal structure, which 
ave the same permeability value as that determined experimentally for 
saturation coefficient by 48 hours’ immersion; increase in saturation 
with repeated freezing and thawing; and resistance of the bricks to 
repeated freezing and thawing. ‘The data are presented in 14 tables. 
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I. INTRODUCTION 


In a discussion of por size and arrangement in sandstone 
compacted sand, Slichter 1 shows that the form and size of the por 
depend upon the grain size, shape, and degree of compactness 
erain arrangement. For spherical grains of the same size, the mayi. 
mum pore space results when the grains are arranged in a rectangul 
pattern and the minimum when the pattern is “triangular.” \Vjt) 
more or less rounded grains, well-compacted, the pores are in 
form of irregular, truncated, tetrahedral voids interconnected at 
truncations, or smallest cross sections, so as to form a network , 
irregularly shaped passages of variable cross section which functio; 
in a manner similar to that of a bundle of cylindrical capill: ary tubes 

The form and arrangement of the pores of kiln-fired cl: ay products 
are considered similar to those of fine-grained sandstone, where the 
pores vary in size down to and inc luding those of micro size. Whe 
formed from the plastic clay and dried, the internal structure con. 
sists of a cor npacted mass of mineral grains and, during the firiy 
process, the pores change more or less in size, but probably chang: 

very little in general form up to some point below the vitrified 
pias sy 

The pore arrangement pictured by Slichter is essentially rectilinea 
and does not seem quite appropriate to the arrangement in hicks 
For, when considered en masse, the arrangement appears more prob- 
ably to be a three-dimensional lattice consisting of connecting voids 
of variable sizes and shapes, through which fluids in passing folloy 
paths of least resistance along irregular or zigzag courses 

The size and structure of pores exercise an important influence o: 
the life span of structural clay products when exposed to weather 
conditions, especially in climates of excessive moisture and severe 
freezing. 

Free: zing and thawing tests as means of judging certain weath 
resisting properties of structural clay products have been recognize( 
both in the United States and abroad by a large number of investi- 
cators, as indicated by the numerous reports appearing in the liter- 
ature.* 

The number of freezing and thawing cycles which structural clay 
products will undergo without showing signs of failure depends upo 
numerous well-recognized factors, such as: 

Different modifications of the test procedure. 

Kind of clay used in making the product. 

Method of forming. 

Heat treatment. 

Soundness and uniformity of structure. 

Hardness and mechanical strength. 

Degree of moisture saturation, or “saturation coefficient.” 
Pore structure. 

C lertain properties associated with porous structure have an in 
portant bearing on the life of structural clay a but they to 


ay 
aii 


no 


nem 09 


—~ an 
ee OU 
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1 Laws of the rec tilinear flow of ground water through asoil. Annual Report, U. 8. Geol. Survey V, 19 
pt. 2, 305-17 (1897-8). 

2 Doug las E. Parsons, - ee on the weathering of structural clay products, Proc. Am. Soc. Testin 
Materials 31, pt. 2, 825 (1931 
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ceived scant attention heretofore. This investigation was under- 
-on to obtain data on these properties and on their 


jlure of bricks as a result of freezing and thawing. 


relation to 


MATERIALS AND PROPERTIES STUDIED 
1. SELECTION OF SPECIMENS 


Seven series of bricks, representing products of five different 
manufacturers, were selected for the investigation. The 

which listed d in table 1, were selected by visual inspection for their 
apparent freedom from defects; and they represent a wide range in 
Rho ity, diff erence in raw materials (clay or shale) used for making 
the products, an d difference in method of manufacture. Two plaster- 
i slabs were also included for comparison in tests for per- 

ability to air. 


bricks, 


ara 
LL 


TaBLE 1.— Bricks included in the investigation 


ag Material | Method of forming | Kiln treatment 


Soft mud__. > -| Soft burn. 
Stiff mud !__-. Hard burn. 
do Medium burn, 
| a. eee Soft burn. 
| ies i a0..... ..-| Hard burn. 
| nF z Dry press. Do. 
| do Medium burn. 
| 





| stiff-mud bricks were side-cut. 
2. PROPERTIES DETERMINED 
The physical properties investigated were: 

Percentage of porosity (exclusive of sealed pores).® 
a. Bulk volume. 
b. Solid volume (including sealed pores). 
Variation in porosity within a brick. 
Permeability to air and water 
The flow of air through two m 1embers in series. 
Mean effective radius and number of capillaries. 
Saturation coefficient. 
iiffect of freezing and thawing on the saturation coefficient. 
Resistance to failure by repeated freezing and thawing. 


III. METHODS AND APPARATUS 
1. PREPARATION OF THE SPECIMENS 


The bricks were ground to a thickness of approximately 2%, in. to 


remove any hard or ‘ols wze-like’’ skin formed during the kiln treatment 
and to obtain approximately parallel faces for the permeability deter- 
Iinations. 


_——— 


Che sealed pores were included in the solid volume 


, inasmuch as they are inactive with respect to perme- 
lity and water absorption. 
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2. POROSITY 
(a) DEFINITION OF POROSITY 


The porosity ‘ is defined by the difference between the bulk yolyy 
V,, and the solid volume, V,, expressed as a percentage of the bul 
volume according to the equation 


100(V,—V,) 
V, 
(b) BULK VOLUME 


The bulk volume was obtained by means of a mercury volumete; 
in which the volume of the specimen was determined from the weigh; 
and density of the mercury displaced. The voli meter is similar j; 
principle to one frequently used for measuring volumes of smal! 
laboratory specimens, but was modified in design to be suitable fo; 
determining volumes up to and including specimens the size ; 
shape of a brick. The specimen holder (fig. 1) is provided with 
points which make contact with the brick in such a manner that the 
brick is immersed with two faces vertical and four at 45 degrees | 
horizontal in order to prevent entrapping air. 

Before the specimen is introduced, the system is balanced by adding 
sufficient counterweight to immerse the holder and maintain it with 
the balancing mark contacting the surface of the mercury. The 
holder with its supporting frame is then raised, the specimen inserted, 
and sufficient weight added to the pan to immerse the specimen with 
the balancing mark again contacting the surface of the mercury. 


The sensitivity of the mercury volumeter is of a high order, inas- 
much as the addition of 0.1 g, after the system is balanced, sinks tli 
balancing mark below the surface of the mercury. 

The bulk volume of the brick was calculated from the equation 


(G+g) 


a 


where V, is the bulk volume (cm?), G is the weight (grams) added to 
the pan, g is the weight (grams) of the specimen in air, D is the 
density (grams per cubic centimeter) of mercury at the temperatu 


of the determination. 
(c) SOLID VOLUME 


The solid volume was determined by means of a gas-expansion 
volumenometer. After consideration of various types recommended 
by different investigators, a volumenometer was constructed which 
operates on the principle of a porosimeter described by McGee.’ Itis 
simple in design, requires no vacuum pump, and is rapid in operation 
In the — of the volumenometer (fig. 2), a number of refinement: 


4Two methor snerally employed for the determination of porosity are: (1) Saturating the ir 
with a liquid cane eapre ssing the porosity in percentage of the ratio of the volume of liquid absorbed to th 
bulk volun 1e of the specimen; (2) using the gas-expansion method for determination of the solid volume an 
expressing the porosity as the difference between bulk and solid volumes in percentage of the bulk volun 
Theperesity values obtained by the liquid-saturation method may be appreciably lower than those ob 
by the gas-expansion method, because of inability of the liquid to completely fill the open pores, more e 
cially those of microscopic size. Washburn and Bunting (see Porosity; VI. Determination of porosity by 
nethod of gas erpansion, J. Am. Ceram. Soc. 6, No. 2 (1922), table IX, p. 127) have shown that the poro 
)btained by the water-saturation method for a stoneware clay fired to cone 10 was 0.8 percent Jess than that 
obtained by the gas-expansion method, and for ared-burning clay fired to cone 03 the porosity was 5.4 perce! 
less than that obtained by the gas-expansion method. The gas-expansion method appears to be prefer: 
and, therefore, was used in this investigation for the porosity determinations. 

5 Several gas erpansion porosimeters, J. Am. Ceram. Soc. 9, No. 12, 817 (1926). 
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ere introduced to facilitate operation and to make possible readings 

a comparatively high degree of accuracy. The volume of the 

cimen chamber, including that of the connecting tube up to the 
mark B, was determined by means of four chromium-plated steel 
standardizing blocks® whose 

mbined volume is 1,042.1 
The volume of the cham- 
ber (representing the average 
of 20 determinations) is 1,451.8 
em’, and the volume of the 
expansion bulb (between marks 
B and D) is 244.0 cm’, 

The manometer is made of 
:-mm-bore glass tubing which 
rives menisci of sufficiently 
lattened surfaces so that good 
‘heck readings are obtainable. 
[he scale for reading the mer- 
cury height, h, is graduated in 
millimeters on a mirror by 
means of which readings can be 
made (with the aid of a reading 
glass) to approximately +0.1 
mm. A chain counterbalance, 1 Ss 
(i (fig. 2), is provided for ease E SSS 
of operation in raising and 
lowering the mercury bulb, and 
the supporting clamp for hold- 
ing the mereury bulb is pro- 
vided with a vernier for adjust- 
ing the mercury height at the 
leveling marks, 

With the stopcock open to 
atmospheric pressure, HH (mm 
Hg), the mercury bulb is raised 
until the two menisci are at 
the level B (fig. 2). The stop- 
cock is then closed and the 
mercury bulb is lowered until 
the meniscus on the right is at \ 
thelevel D. The initial volume ‘ ee 
( 1 eChs ; ‘IGURE 1.—ws#ecliondal view of mercury vol- 
oly pegs = so umeter for determination of bulk vilaene. 
(1451.8—V,) is thereby in- 4, balancing mark; M, mercury; H, specimen holder 
creased by the volume (244.0 >. on C, counterweight; WW, balancing 
em’) of the expansion bulb, C, ~~ 
while the pressure is decreased by A (mm Hg, corrected to correspond 
(oH). Since the product of pressure and volume is constant, 


H(1451.8— V,) = (H—A) (1451.8— V,+244.0) 


H , 
c 8) 


rm The chromium-plated blocks and the air-expansion bulb were calibrated for volume by the National 
bureau of Standards, Division of Weights and Measures. 
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or 


V,=1695.8—244.0 
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(ad) POROSITY OF DIFFERENT SECTIONS OF A BRICK 


The porosity as determined according to eq 1 represents the m 
porosity of a brick as a unit. The porosity, however, differs at vario 
points within a brick, which y 
be due to uneven distribution 
moisture in preparing the clay 
forming, the manner of fo rming, va; 
able pressure during forming, or t 
uneven temperature of burning, | 
order to show the amount of yaris. 
tion within a specimen, porosit 
terminations were made on ; 
cut from each of five bricks. 
in clude cd soft-burned, medium-burn 
and hard-burned, stiff-mud bricks and 
medium-burned and hard-burned dry- 
press bricks. Each brick was saw 
into nine equal sections (fig. 3). 














PERMEABILITY 


(a) DEFINITION OF PERMEABILITY 





_ — Permeability as used in this report 
oe is defined as the volume of fluid 
FIGURE 2.——Air expansion volume- cubic centimeters transmitted p 

a for determination of solid second through each _ square centi- 

AE meter of the — of a plate of th 
marks; C, expansion bulb; EZ, manometer; F, Mé aterial 1 cm thick when the differ- 
acl cn sey inert = lamas /, ence in pressure between the two faces 

of the plate is 1 g/cm?; that is, it is 

the rate of flow through a 1-cm cube, with unit pressure differen 
across the cube. It is defined by the equation 


forf’=QT/Af, 
where 
(=number of cubic centimeters of fluid passing per secon 
through the brick. 
P=pressure difference across the brick in grams per squar 
centimeter. 
A=average cross-sectional area in square centimeters over whic 
flow takes place. 
T=thickness of the brick, in centimeters, through which trans- 
mission of the fluid occurs. 
lor air, the permeability is designated by f, and that for water by /’. 


(b) APPARATUS FOR DETERMINING AIR PERMEABILITY 


The permeameter for determination of air permeability is similar to 
that described by Ketcham, Westman, and Hursh.’ As a precav- 
tionary measure to prevent possible obstruction to flow, the clamp: 
which were used for holding the specimen against the felt. seal were 
replaced by a weight (fig. 4) resting on a platform, the four legs ol 


7The Measurement of the Pe rmeability of Ceramic Bodies, Univ. of Ill. Eng. Exp. Sta 
7, 19 


Bull. No. 50, p, 14-21 (Aug. 1 26). 
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sen al the lower ends for making contact with the 
ick icht also insures a constan t load on the felt seal. A 
rosene manometer, f’, was added for measuring those pressure drops 
oss the specimen which were too high for measurement by means of 
“e » ine ee manomete r, Ee 

Air maintained at a constant pressure by the pressure regulator, H 
_4),is foreed through a capillary flowmeter in series with the speci- 
and is discharged at atmospheric pressure. The calibrated 
»anometer, G, of the flowmeter indicates the rate of flow through the 
specimen at a pressure difference shown by the manometer F' (or £). 
The capillary flowmeter was provided with four interchangeable 
capillaries of different bores for determination of rates of flow over a 
wide range of permeé ability. The capillaries were calibrated for air 

dow in cubic centimeters per second by 


ans of the “standardizing flowmeter ee scar 
ied by F. T. Carson.’ The calibra- F — ae A 

tions ran the capillaries were made over = | 
sures within safe limits below those 4 _¢9 J 
ising turbulent flow. 7 8 
1) Air transmission of two members in 
eries. When the air permeabilities of 
two different bricks are f, and f2, respec- 
vely, and their respective thic knesses 
r, anc a 7; then the air transmission, or “‘air conductance,” of the two 
ricks in series may be calculated by an equation analogous to that 
ised for dete a the electrical conductance of two conduc tors in 
series. In brick 1, the air transmission is the air flow in cubic centi- 





























Figure 3.—Method of section- 
ing brick for determination of 
variation in porosity. 


meters per sen per square centimeter with pressure difference of 

| g/em?, or f;/T,. Likewise, in brick 2, the air transmission is f2/7>. 
When two electrical conductors are joined in series, the conductance 

hrough the whole is the product of the two conductances, C, and C:, 

divided by their sum—that is, (C)C2)/(C;+C. 2). By analogy, we write 
T, instead of C; and fo/ 72 instead of C,, giving the equation 


i fifo 5 
sae 5 ©) 


where Ff is the air transmission through the two bricks in cubic 
centimeters per second per square centimeter for a pressure difference 
of 1 g/em.? 

As a means of determining the agreement between calculated and 
experimental results for obtaining the air transmission, /’, for units 
omposed of different combinations of two members in series, tests 
vere made using five different members to form the units, each mem- 
ber having an area of 8%. by 3% in. and of different thicknesses. 
T wo of the members were cut fone a red dry-press brick, one from a 
buff dry-press brick, and two were plaster-of-paris slabs. The 
permeabilities were first determined separately for each member, and 
those for the different combinations were then determined by means 
of the assembly shown in figure 5, representing a ¢ sross-sectional view 
of the permeameter box and two members in series forming a unit. 


nsitive instrument for measuring the air permeability of paper and other sheet materials, BS J. Research 
44) RPOS] 
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(c) APPARATUS FOR DETERMINING WATER PERMEABILITY 


The permeameter designed for the determination of water pen 
ability is shown sc hem: itically in figure 6. This appar: itus Is 
suitable for measuring air perme: ability when the water is em ptir 
from tank D and air driers Z are connected. The specimen, 7 ; 
sealed in the permeameter box, B, by means of a rectangular rub}. IBZ 
tube, C, inflated to a pressure * of 70 lb/in?. 

For water permeability determinations, the tank, D, is filled wi 
water and air pressure applied to produce flow of water through, {| 
specimen. The number of cubic centimeters of water flowing throug 
the specimen per second is obtained by determining the number «| IR* 
cubic centimeters of air required for its displacement. 

The pressure regulator, EZ, consisting of two cylinders con 

to a 40-gal tank, F, is provid ry 
a small and sensitive cut-off val 
G, actuated by a float operating 
kerosene. With the valve, H, clos 
air is admitted to the accumulator, ] 
through two pressure reducers, J » 
K. Valves L and M are close da 
N, 0. P, and F# are opened. 
pressure is allowed to build up in t! 
pressure regulator and tank, F, uni 
the desired working pressure as indi- 
FigurE 5.—Method of sealing speci- ated by the pressure £AG°,. 0, 

mens for determination of the air Obtained. V alves R of the regula 

conductance of a unit composed of and P of the by-pass are then closed 

two members in series. allowing the air to pass through th 
A and B, two members composing the unit; C, capillary, T, of the flowmeter a1 

mln: Bg W senling waene® "ket: % into the water tank. The air pres. 
sure is then regulated by the pressur 
reducer, K, so that approximately two bubbles of air per seco 
escape through water in the glass indicator, U. After the press 
has been properly adjusted, it remains substantially constant and | 
system is allowed to stand until the arms of the manometer, V, co: 
to rest at the same level. H is then opened to allow water to f 
through the specimen. e: 

The capillary of the flowmeter was calibrated in cubic centimetes 
per second of air flow by means of the standardizing flowmeter ; 
The gage, W, is provided with a millimeter scale to indicate the heigli 
of water in the tank above the water level above the specimen. 

Two manometers are provided for determining the drop in pressur' 
across the specimen. These are a kerosene manometer, X, for de- 
termining flow pressures up to 120 g/cm’, (equivalent to about 9 cm B= 
of mercury) and a mercury manometer, Y, for pressures up to 1,615 J - 
¢/em?. The flow pressure is the sum of the pressure obtained | 
means of the manometer reading and the pressure of the waterhe 
as indicated by the water gage, W. 


8 Air-permeability determinations, when made on several specimens with the mercury seal and also 
the inflated rubber seal, checked at a sealing air pressure of about 70 Ib/in?. ‘The walls of the sealir 
were very thick, which required a pressure of 70 lb/in.? to produce the same sealing effect as that 
mercury. 

10 See footnote 8, p. 717. 
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TERMINING MEAN EFFECTIVE RADIUS AND NUMBER OF 
CAPILLARIES 


volume rate of discharge of a gas passing through a porous 
“thy material is proportional to the pressure difference between the 
ralle el anal between which the gas travels. The behavior is, there- 
ore, analogous to the flow through a long cylindrical capillary passage 
nich can be described by the Poiseuille equation. 
“Although the Poiseuille equation cannot be applied to the actual 
ick, one can, however, visualize an imaginary brick, the pore system 
of which is made up of N identical, parallel, uniformly distributed, 
\ iindrical capillary passages with a radius r, and length 7, which 
as the same alr permeability as the actual brick. To this imaginary 
brick, one can apply the Poiseuille equation and develop expressions 
or r and N which serve a useful purpose in correlation with the 
xsperimental data, even though the calculated r values are probably 
somewhat too small and the N values too large, since the lengths of 
he actual air passages must be greater than 7’ in the actual brick. 
The equations for evaluating r and N are substantially the same as 

employed by Clews and Green. When determined on the 
sis of a unit cube (1 em’) these equations are: 


r=0.012(f/V)'” 
N=21.7(V?/f) 


mean effective capillary radius in centimeters. 

number of capillaries of radius r, per square centimeter of 
surface. 

air permeability (as defined by eq 4). 

100(rr?N), the percentage of porosity. (8) 


5. FREEZING AND THAWING TESTS 


(a) PROCEDURE 


Inasmuch as the method employed in making the freezing and 
thawing tests has a bearing on the number of freezing and thawing 
eyeles required to cause failure of the bricks, a method was adopted 
which would give comparable results and reduce the time element to a 
minimum. 

The bricks were first partially saturated by immersion for 48 hours 
in water at room temperature, after which each cycle consisted in 
freezing the bricks standing on edge in ¥% in. of water, then thawing 
by immersion for 4 hours in water at room temperature. No oppor- 

2a was allowed for the bricks to dry between cycles, and only 
six cycles per week were completed, since the bricks were allowed to 

main in the freezing chamber over Sundays. 


(b) SATURATION COEFFICIENT 


he percentage volume of water, W, absorbed by the brick at each 
step in the above process is determined by removing the brick from 
the water, blotting the surface with a towel, and determining the 
weight of water absorbed, then converting the weight into percentage 


OP. Clews and A.J. Green, The permeability of refractory materials to gases, Part I. Trans. Eng. Ceram. 
0¢. 32, 317 (1932-3). 





720 Journal of Research of the National Bureau of Standards 


by volume of the bulk volume of the brick. The saturation ¢ 
cient, S, is then defined by the equation 


p= V/V, 


in which W is the volume 1 in percent of water absorbed and V has thp 
same significance as in the previous equé tions. The saturatioy 
coefficient obtained by partial saturation of the brick by 48 hours 
immersion at room temperature is herein termed the “‘initial” saturg. 
tion coefficient and denoted by Sj. 


(c) INCREASE IN SATURATION COEFFICIENT WITH REPEATED FREEZING Anp 
THAWING 


Since the volume of water absorbed increases with successive thaw- 
ings by immersion in water, the saturation coefficients of the bricks 
at failure were determined on the basis of their original pore volumes 
for comparison with their respective initial saturation coefficients 
Also, as a means of determining the rate of this increase, the saturatioy 
coefficients of the members of series D and / were determined for 
each freezing cycle after the bricks had thawed and attained roo; 
temperature. 


IV. RESULTS AND DISCUSSION 
1. VARIATION IN POROSITY WITHIN A BRICK 


The pere ' aims ge porosities obtained on the — rent sections of 
bricks FS , H9, J10, and K3 are given in tables 2 and 3. The 
data Sbtelued on the sections indicate that there is no definite corre- 
lation among the specimens as to location of sections of highest, 
medium, and lowest porosities. The difference between the averag 
porosity obtained on the basis of the total bulk and solid volumes 
of the sections for each brick, and the original porosity determined 
before cutting may be due to materials lost in the cutting. Th 
spread in the variation of the porosities for the bricks ranged from 
11.6 percent in J10 to 48.4 percent in G8. 

Obviously, the tendency of a brick is to fail at its weakest point 
when subjected to freezing and thawing tests. Therefore, variatior 
in porosity evidently exercises an influence on the resistance to fros 
action inasmuch as permeability, saturation coefficient, and th 
values calculated for the effective size and the number of capillaries 
are partly dependent on porosity. 


TABLE 2.— Variation in prnenity, V, in different sections of the bricks 


Brick number 


Section number ! 


NO CO 8D We OO 


Average V 
Original V 
Spread ? 


BAD teat pet et tet tes eet pet pes tes 


Wwrorm i] - 
hog &: 


i See figure 3. — is ; 
Percentage difference between maximum and minimum porosities of the different bricks. 
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sBLE 3.—Ranking position of porosities of the corner, middle, and center sections 


Brick number 
Sections 


| | | 
average, 4 corners. eer te! ee aa 4 Medium__..| Medium 
,verage, 4 middles .------| Medium | | High: ......) High... 
see y High..-.....| Medium__.-| Low é Low 


Center 


2. PERMEABILITY TO AIR AND WATER 


The movement of air through the bricks conformed to the laws of 
capillary flow in all cases except for brick H2, in which the permeability 
decreased with increase in pressure difference, conforming neither to 
capillary flow nor to flow through orifices, but apparently affected by 
a combination of the two. However, constant water permeability 
values were not obtained, inasmuch as consecutive determinations 
under continuous flow showed an increase in permeability with time 
of flow for some bricks, while for others permeability decreased with 
time of flow. 

The water permeabilities determined consecutively over a period 
of time for the different members ” of series F, G, H, J, and K are pre- 
sented in table 4, arranged in sequence of their 7 values. The first 
reading of the manometers for obtaining the initial permeability was 
made after the brick became thoroughly wetted and covered with a 
uniform layer of approximately 2 mm of water, which required about 
5 to 25 minutes for bricks ranging from high to low permeabilities, 
respectively. The permeabilities given in the table represent data 
obtained from readings made hourly after the first reading for all 
bricks except those of series J and K, where the readings were made at 
20-minute intervals. 

Table 4 shows that the specimens exhibit change in water permea- 
bility with time. Increase in water permeability with time of flow 
occurs with all members of series F and G except G2, and decrease with 
time for G2 and all members of series H, J, and K with the possible 
exception of H5, the permeability of which is substantially constant. 

Bartell," in reporting his results on the water permeability of 
porcelain disks, attributes the decline in water permeability to pro- 
vressive clogging by small particles mechanically broken off and carried 
into the pores by movement of the water. Muskat ' considers that: 

“One very common cause of the plugging of a porous medium upon continuous 
flow of a liquid, as water, through it, is the evolution of air or gas dissolved in the 
liquid. The gas becomes entrapped in the pores of the medium in the form of 
small bubbles and may decrease the resultant permeability of the liquid to a small 
fraction of its original value.”’ 

Since the tests herein reported were made with nondeaired water at 
room temperatures, Muskat’s explanation appears logical for those 
bricks of diminishing permeability. 


13 No water permeabilities were determined for series D and £ nor for bricks F1, H2, and H7. 

18 F, E. Bartell, The permeability of porcelain and copper ferrocyanide membranes, J. Phys. Chem. 15, 664 
1911). 

it M. Muskat, The flow of homogeneous fluids through porous media, p. 90 (McGraw-Hill Book Co., Inc., 
New York, N. Y., 1987). 
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ition of mean effective capillary radius, r, to the water 
Fi of brac 


, 030 


, 060 
, 060 
173 | 
, 330 , 230 | , 270 
, 250 a , 190 
240 215 201 
190 7 167 
, 570 , 590 , 570 
, 170 | qr, , 140 
, 880 | a , 740 
, 400 | , 386 , 310 | 
, 470 » 45 , 420 
, 470 a , 450 
1, 550 ] , 490 
1, 620 1: 570 , 590 
1, 600 1, 520 , 500 | 
1, 890 | 1,810 mane | 
2, 040 1, 980 1, 900 | 


Increase in water permeability with time, however, occurred with 
bric ks of the F and G series (except G2), and data of this nature have 
not been previously recorded to the authors’ knowledge. The : 
values of these bricks in which permeability increased are smaller 
than those in which permeability decreased under continuous flow; 
therefore, it would seem that clogging of the pores by small particles 
or by air would be more pronounced and cause a decrease rather 7 
an increase in permeability. Progr essive solution of the walls of tl 

capillaries with consequent increase in their cross sections a 
explain such behavior, but the specimens are not of such a nature that 
solution would be probable. 
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‘he average size of r appears to effect a separation between increase 
| decrease in the rate of water permeability. With the exception 
specimen Hd (where permeability is about constant), all bricks 
‘ing r’s less than 2 microns (table 4) gave increase in water per- 
abilities with time. Conversely, all bricks having r’s greater than 
microns exhibited decrease in permeability. 
According to Poiseuille’s equation, the ratio of the permeability of 
. fluid to that of another is inversely proportional to their respec- 
ive viscosities. ‘Therefore, when n’ and n are the respective vis- 
cosities of water and air, f the permeability of air, and f’ that of water, 


weit 


n' In=f/f’ =a, and (f/f’)/a=1. (10) 


Since the water permeability of a brick is continuously changing 
nder continuous flow, its value is very indefinite. Mills’ noted the 
‘< of agreement between the air and water permeabilities of bricks 


surface tension. 

As a means of determining the relation between the ratio of the air 
to the initial water permeabilities and 7, the f/f’ and also the (f/f’)/a 
values (where a=55.5) were determined for the average air permea- 
bilities and the average initial water permeabilities for each of the F, 
G. H, J, and K series. The results are shown in table 5, arranged in 
sequence of their respective r values. The data, though confined to 
rather narrow limits, indicate that f/f’ is decreasing toward the value 
55.5 and (f/f’)/55.5 toward unity as r is increasing. 


laBLe 5.—Relation between the ratio of air to water permeability and the capillary 
radius 
as SSCA tan 
Soniag | Number | if? 
erie | of bricks | iis 
572 
481 
410 
184 
169 


From the data reported by Mills * on air and water permeabilities 
of 12 miscellaneous bricks, the (f//’)/55.5 values were determined. 
They show a range from 27.4 to 0.8. The latter value indicates that 
the water permeability determined for one brick was greater than 
that of its air permeability. 

The data for the water permeabilities, however, were calculated by 
Mills from the readings made ‘‘when the flow had reached a steady 
rate’ and, therefore, they do not represent initial permeabilities. 

As pointed out by Muskat,” air dissolved in water produces erratic 
results in water-permeability tests. Whether the data here reported 


8 E.O. Mills, The permeability to air and to water of some building bricks, Trans. Eng. Ceram. Soc. 33, 210 
1933-4), 

'§ See footnote 15. 

See footnote 14, p. 721. 
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represent the actual water permeabilities of the bricks or whether the, 
are affected by uncontrolled factors in the test method remains to }), 
determined. 


3. FLOW OF AIR THROUGH TWO MEMBERS IN SERIES 


The permeabilities determined separately for the members ar, 
civen in table 6. The permeabilities of the units calculated according 
to eq 5 and those determined experimentally are given in table 7 
where it is seen that the differences between the experimental and 
calculated permeabilities (column 4, table 7), which may be charged 
to experimental error and resistance to flow through the felt pad, 
© (fig. 5) range from 0 to 0.49 percent. These differences are so 
small as to be negligible. 


TaBLeE 6.—Thickness and permeability of the members composing the units 





| 
_— Thickness, | Air perme. 
Kind T [ 


Memb 
tember ability, f 


} 


| Section of red brick 
do-__- . 
_| Section of buff brick 
Plaster slab-_-_-_- 
_.do- 





TABLE 7.—Comparison of the calculated and measured air transmission values 
different units composed of two members in series 





7 : " ” r- | For 
Members forming units ! | F Calculated yin coy oe 


Percent 

cae eek ae a 0. 00719 | 0. 00718 | 0.14 

land 3 ae . 00404 | . 00402 49 
land 5 : : : } . 00518 | . 00517 | 
J |) : =e -| . 00434 . 00432 | 
land 4 00256 | . 00256 | 
3 and 5.. . 00293 . 00292 | 


1 See table 6. 


4. EFFECT OF FREEZING AND THAWING ON THE SATURATION 
COEFFICIENT 


The saturation coefficients determined after each cycle of freezing 
and thawing for the members of the D and E series, when plotted 
against the corresponding cycles of freezing and thawing up to 60 
cycles, or until the bricks failed, produced graphs which are typical 
of that shown in figure 7 for brick D9. The curve can be repre- 
sented fairly well by an equation of a hyperbola which, within the 
limits of the data, may be expressed by the empirical equation 


k 
S=a—-;—y 
b+C 
where S is the saturation coefficient, C the cycle of freezing and 
thawing, and a, 6, and A are constants which are different for each 
brick. 
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The es values of the constants representing the curve 
for D9 are: a b=160, and A=105. 

Although the pees of a curve outside of the field covered 
by the data may not be justifiable, it is often helpful in understanding 
the significance of certain constants obtained from the data. Asymp- 
tote a represents the upper limiting value of S, attainable if the brick 
were to withstand an infinite number of freezing and thawing cycles. 
Bricks which attained S values greater than unity at failure are seen 
in the soft-burned bricks of the G series (column 7, table 11) and in 
the hard-burned bricks J4 and J7 (column 7, table 12). These bricks 
were distinctly laminated (see fig. 8), the laminations evidently 
functioning as laminar capillaries, inasmuch as their V ,f, r, N, and 
S, values appear to be about normal. The gradual w idening of the 
laminations during successive freezing and thawing evidently was 


g ond Hhawing cycks, 


Relation between freezing and thawing cycles and saturation coefficient 
of brick D9. 


responsible for their ability to contain more water at failure than 
their initial pore volumes. 


5. RELATIONS OF POROSITY, PERMEABILITY, EFFECTIVE CAPIL- 
LARY RADIUS, NUMBER OF CAPILLARIES, AND SATURATION 
COEFFICIENT TO THE NUMBER OF FREEZING AND THAWING 
CYCLES CAUSING FAILURE OF BRICKS 


In bricks made of the same clay which are substantially free from 
defects, it is well known that hardness and mechanical strength increase 
and porosity decreases with increase in burning temperature, within 
the temperature ranges of commercially operated kilns. The data on 
various properties of the several series of bricks presented in tables 8 
to 14 suggest some relation within each of the series between porosity 
and the other properties. There is some evidence that as porosity 
decreases in each series there is an increase in 7, f, and C and a de- 
crease in S, and N, although in some cases the correlation seems poor— 
notably in the H, J, and K series. This is, however, more apparent 
than real because of insufficient spread of the data for each of the three 

— from which satisfactory correlations can be made. Although 
ihe C values of the H7 series show considerable spread, there is very 
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little difference in the values of V among the different member 
indicating that the bricks had received about the same heat treatmey; 
during the firing process. 


TABLE 8.—Data on series D 


Number | Saturation | Saturation 
Air per Capillary! of capil coefficient | coefficient 
*|meability,! radius, laries, 48 hours’ | at failure, 
immersion, 
f<105 r NX10-4 | Si } Ss 


, ’orosity 
veclmen number Por oo 


Microns 

1, 850 | 

1, 780 | 

1, 070 | 

1,170 
628 | 
640 
743 
837 
594 


1, 030 


TABLE 9.—Data on series E 


Saturation 


ar Saturatior 
| coefficient | “8turation 


| Ai ™ Soest Number 
I Wachee Air per Capillary | ey yer aa 
Porosity, |meability,| radius, = | 48 hours’ Pg eee ns 
| ; * |immersion, — 
V {X105 r NX10-4 | Si S 


specimen number 


Percent | Microns | 

18.2 | 44.9 | 0. 60 | 1, 160 

19.3 | 61.9 : , 300 
69.6 ; , 340 | 
39.1 5 | 
48. 2 


00 + 


yi 
E 
I 
E 
Eee 
I 
I 

} 
EB 
El 


Average ? 


| Bricks E9 and E19 were still sound after 680 cycles. 
2 £9 and E10 excluded 


TABLE 10.—Data on series F 


Saturation | 
n icie - ar 

coefficie nt | coefficient 
4S hours’ | at failure 
immersion, | “" “ , 
1X 105 r NX10-4 | Si Ss 


| 
| : Air per- | Capillary 
Porosity, meability,| radius, 


| Number Saturation 
of capil- 


laries, 


| 
Percent Microns | | } 
27.0 7 1.98 | 231 | . 837 | 0. 944 
.2 0.95 | , 090 re | . 852 
0 | ; 1. 29 | 613 . 8 . 976 
24. 6 1, 54 333 . . 906 | 
1.65 307 . 743 | . 835 | 
1, 62 237 . 6 . 838 
. 96 1, 050 | 


1. 50 468 771 | . 892 


1 Used for determination of variation in porosity. 
2 F6 exciuded. 
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TABLE 11.—Data on series G and H 


, Saturation | city, ., | Freezing- 
Number | coefficient | ~" "7. "| thawing 
of capil- | 48 hours’ ; 


coetfic wei ; 
‘ ‘ailura evcies at 
laries, |immersion,| ® failure 


failure, 


Air per- | Capillary 


en numbe Porosity, 
n number r **’ \meability,| radius, 


fX105 r NX 10-4 S S ( 


Microns 
550 1. 66 
427 | } 
$09 

970 

593 

495 | 

416 

313 

34¢ 

376 | 


128 


489 | 


1,010 

1, 460 | 

1, 040 
846 


i for determination of variation in porosity. 
/?, and H9 excluded 


TABLE 12.—Data on series J and K 


Freezing- 
thawing 


Saturation 
. | = Number | coefficient 
a ar- | Ce ary} - p a 
imen number | Porosit} ee | os of capil- | 48 hours’ | cycles at 
me y») 4 ’ laries, | immersion, | } failure, 
{X10 | r NxX10-4 Si S Cc 
| 


Saturation 
coefficient 
at failure, 


| Microns | 
2, 700 3. 94 
2, 510 | 3. 88 
3, 660 | 4.49 | 
2, 660 3. 97 
2, 780 . 00 


2, 820 
3, 050 | 
2, 900 | 
3, 320 
3, 160 


2, 930 


800 | 
960 | 
130 | 
120 | 
2, 020 | 





2, 140 
2, 560 
2, 460 
2, 590 


2, 200 
r determination of variation in porosity. 
ind K8 excluded. 
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TABLE 13.—Effect of higher burning temperature of series H over that of series ¢ 
on the average values of V, f, r, N, S;, and C 





Increase Decrease 


{x105 r fe N~xX10-4 


| 
| 


| 

| Microns 
Soft, G 489 1.64 
Hard, H iinleisiaieeetae 846 | 3. 06 





Difference___..._._.......__] 357 | 





Difference (%)....----------| 73.0 | 
TABLE 14.— Effect of higher burning temperature of series J over that of series K 
on the average values of V, f, r, N, S;, and C 


| Increase Decrease 


| 4 NX10-5 


fX105 | r 


Burn | 
| 
| 

Microns 
Medium, K | 2, 200 3. 2 
Hard, J ae 2, 930 


Difference ___ 





Difference (%) - 


The bricks of both the J and K series were made of the same kind 
of clay by the dry-press process and fired in the same kiln. Th 
harder burned bricks of series J were selected from near the top courses 
of the setting of a down-draft kiln in the higher temperature zone, 
and the softer burned ones of series K from near the bottom of the 
setting in the lower temperature zone. 

Bricks of the other five series were selected from lots such as are 
delivered to the builder. The bricks of each series may have come 
from different locations in the kiln and, therefore they would have 
been subjected to different temperatures. Therefore, the data would 
show greater spread than is shown by either the H/, J, or K series. 

Bricks of the G and H series were made of shale by the stiff-mud 
process at the same plant. They had been graded for the market, 
the harder bricks of the H series coming from the top portion of th: 
kiln and the softer ones of series G from the bottom. 

Comparing average values of series G with those of series H (table 
13) and those of series K with those of series J (table 14), it is seen 
that harder burning has resulted in material reductions in the porosity, 
number of capillaries, and saturation coefficient, and increases in the 
air permeability, capillary radius, and cycles of freezing and thawing 
to cause failure. 

The above findings on porosity, air permeability, effective capillary 
radius, and number of capillaries are in accord with those given in the 
reports of the following investigators. 

Watkins and Butterworth determined the total porosity and the 
microporosity of a clay fired at four different temperatures from 750° 
to 1,105° C and report the following results with increase in the firing 
temperature: “The microporosity decreases much more rapidly than 


¥ 18 C. M. Watkins andjB. Butterworth, The absorption of water by clay building brick and some related prop 
erties, Trans. Eng.'Ceram. Soc. 33, 473 (1933-4). 
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the total porosity at high temperatures. In other words, although the 
total pore volume is decreasing, the size of the individual pores tends 
to increase.” 

Clews and Green ” in a report on the determination of the air 
permeability of a number of fire clays fired at eight different tempera- 
tures from 200° to 1,400° C, show that “..... . the firing proce- 
dure involves a continuous increase in pore size, with corresponding 
but not necessarily proportional decrease in the number of the pores 
up to the temperature approaching the finishing.” Table I of their 
report shows that the permeability to air increases with increase in 
frig temperature from 200° to 1,250° C for four groups of fire clays. 
In one case the increase in the permeability ranged from 0.00097 to 
0.0460. 

The decrease in porosity and number of capillaries indicates that 
some pores were filled or sealed and thus were inactive regarding 
permeability and absorption. The increase in permeability, together 
with the decrease in number of pores, indicates that the pores elimi- 
nated were mostly the smaller pores, or micropores, which were the 
interstitial cavities formed by the microparticles. These particles 
are composed mainly of mixtures of minute mineral fragments. From 
such particles glasses form at lower temperatures than from coarser 
ones and the reaction proceeds more rapidly for the finer particles; 
hence the number of small pores is materially reduced. 

The increase in permeability with increase in burning temperature, 
in spite of a decrease in the number of pores, may be due to enlarge- 
ment of the connecting pore openings because of partial fusion and to 
areceding of the angular edges of the openings between adjacent pores. 
The effective capillary radius, r, is increased and the number of 
capillaries, N, decreased, because f increases and V decreases with 
increase in burning temperature. (See eq 6 and 7). 

The bricks in each series as selected appear to be representative of 
the range in variation of grades as marketed. Among such bricks 
there is not only insufficient spread of the data, but uncontrollable 
factors also, such as laminations and variable porosity, which are con- 
tributing factors tending to lower the C values. These are some of 
the handicaps encountered when dealing with bricks of commercial 
grade. In the majority of cases, however, the general trend of the 
data given in tables 8 to 14, inclusive, indicates that the number of 
eycles of freezing and thawing at failure of bricks increases when the 
permeability and mean effective capillary radius increase and when 
the porosity, number of capillaries, and saturation coefficient decrease. 


19 


V. SUMMARY 


1. Variation in porosity of individual bricks is one measure of their 
lack of uniform structure and may be a contributing factor affecting 
their resistance to frost action. 

2. There is no definite correlation as to location of lowest, medium, 
and highest porosities of the sections among the bricks tested. The 
spread of the differences between maximum and minimum percentage 
porosities of the different sections of the individual bricks ranged from 
11.6 to 48.42 percent. 

1) F. H. Clews and A. T. Green, The permeability of refractory materials to gases. Part IV. The influence 
f the firing process on the permeability to air of fire-clay materials, Trans. Eng. Ceram. Soc., 33, 485 (1933-4). 
269047——-41—_--_-8 
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3. When the air permeabilities of two bricks are f, and f2, respec. 
tively, and their respective thicknesses, 7; and 72, then the air trans. 
mission, or air conductance, F, of the two bricks in series may }y, 
calculated by the equation : 

Wes a , 
AT2+hlTi 

The differences between the calculated and experimental values fo; 
F were so small as to be negligible. 

4. The average values of the data for the bricks of series G and ]] 
and also series K and J indicate that the mean effective capillary 
radius, the permeability, and number of cycles of freezing and thawine 
at failure of the bricks increase and the number of capillaries, pore yol. 
ume, and initial saturation coefficient decrease, as the burning tem. 
perature of the bricks is increased. 

5. Decrease in pore volume and number of pores as the burning 
temperature is increased indicates that some of the pores have become 
filled or sealed and, therefore, inactive regarding permeability and 
absorption. Increase in mean effective capillary radius and _per- 
meability, accompanied by a decrease in the number of pores, indi- 
cates that the pores rendered inactive were chiefly the smaller ones 
originally occurring as microcavities formed by the microparticles, 
Increase in permeability with the firing temperature must, therefore, 
result from an enlargement of the larger connecting pore openings, 
which may be due to partial fusion and receding of the angular edges 
of the openings between adjacent pores. 

6. The air permeabilities were constant with respect to time of 
flow whereas the water permeabilities varied, increasing for those 
bricks whose mean effective capillary radii were less than 2 microns 
and decreasing for those whose radii were greater than 2 microns. 

7. The saturation coefficients increased with increase in the number 
of freezing and thawing cycles, and the graph representing the plot 
of the two variables can be represented fairly weil by an equation of a 
hyperbola of the form 

K 

S- on ( 3 
where C is the cycle number of freezing and thawing, S the corre- 
sponding saturation coefficient, and a, 6, and K are constants for : 
definite brick but different for different bricks. The constant 
indicates that there is an upper limiting value of S for a brick, under 
the assumption that the brick would withstand (theoretically) an 
infinite number of freezing and thawing cycles. 

8. Repeated freezing, and thawing by immersion, of some bricks 
may increase their saturation coefficients to values greater than unity, 
thus indicating that they contain larger volumes of water than their 
original pore volumes. 

9. In bricks substantially free from defects, the general trend of the 
data indicates that the number of cycles of freezing and thawing to 
cause failure increases when the air permeability and mean effective 
capillary radius increase, and when the saturation coefficient, porosity 
and number of capillaries decrease. 


WASHINGTON, September 13, 1940. 
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STANDARD ELECTRODE POTENTIAL OF SODIUM! 
By Edgar Reynolds Smith and John Keenan Taylor? 


ABSTRACT 


From measurements of the cell Na(s); Nal (in dimethylamine); Na(0.0651% 

algam) and the cell Na(0.0651% amalgam); NaCl(0.05 or 0.1 m), AgCl(s); 
Ag(s), the standard electrode potential Na(s); Na+ over the temperature range 
f 5° to 40° C was obtained with the aid of values of the standard electrode 
potential of the silver-silver chloride electrode, previously determined by Harned 
ind Ehlers, and of the activity coefficients of solutions of sodium chloride, previ- 
usly determined at 25° C by Brown and MaclInnes. The activity coefficients 
vere corrected to the other temperatures by the use of data on heats of dilution 
letermined by Gulbransen and Robinson. The final results were expressed by 
the equation 


E° =2.71324-+ 0.0007532 (¢— 25) +-0.000000688 (t — 25)?. 


Values of changes in free energy, entropy, and heat content accompanying the 
actions corresponding to various combinations of the cells were calculated. 
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I. INTRODUCTION 


The reaction of the alkali metals with water disturbs the equilibrium 
conditions necessary for direct measurements of their electrode 
potentials. An indirect method which overcomes this difficulty 
depends on the possibility of measuring (a) the potential of a dilute 
amalgam of the alkali metai with respect to an aqueous solution of 
its ions and a reference electrode, and (b) the difference in potential 
between the same amalgam and the pure metal when both are 
immersed in a nonaqueous conducting solution containing ions of 
the alkali metal. The nonaqueous solvent must not react with the 
alkali metal and must dissolve the alkali salt sufficiently to form an 
electrolytic solution. The success of the amalgam electrode in aque- 
ous solution depends on the lowering of the activity of the metal 


1 Prese nted before the Division of Physical and Inorganic Chemistry at the 100th Meeting of the American 
Chemical Society, Detroit, Mich., September 9 to 13, 1940. 

1 This paper contains material from a thesis submitted to the U niversity of Maryland by John Keenan 
faylor in partial fulfillment of the requirements for the degree of Doctor of Philosophy. The interest and 
advice of Prof. M. M. Haring are gratefully acknowledged. 
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and on the high hydrogen overvoltage of mercury, which inhibi: 
the reaction between the alkali metal and water. The standard 
electrode potentials of all the alkali metals have been measured }y 
this indirect method. However, these measurements have usually 
involved the introduction of one or more of the uncertainties cayse: 
by the use of liquid junctions, of solutions for which the activitijc: 
can only be approximated, and of unreliable reference electrodes. 
The standard electrode potential of sodium in use at. presen 
depends primarily on the value at 25° C obtained 30 years ago } 
Lewis and Kraus [12] * for the nonaqueous cell. ale 


Na(s); Nal(in ethylamine) ; Na(0.2062% amalgam), 
which they combined with a measurement on the aqueous cell 
Na(0.2062% amalgam); NaOH (0.2 N)|NaCl(0.2 N) 
KC1(0.2 N)|KCI(1 N), HgCl(s); Hg(). 


The calculation of the electrode potential from the emf of this aqueous 
cell involves corrections for three liquid junctions, the activity of 
0.2 N sodium hydroxide, and the reference potential of the normal 
calomel electrode. Lewis and Randall [13] recalculated these correc. 
tions and obtained 2.7126 v for the standard electrode potential of 
sodium with respect to the hydrogen electrode. A more recent 
recalculation by MacInnes [15], in which the measurement of Lewis 
and Kraus on the nonaqueous cell is combined with an interpolated 
value for the cell 


Na(0.2062% amalgam); NaCl(0.1005 m), HgCl(s); Hg(l), 


from the work of Allmand and Polack [1], gives 2.7139 v at 25° C. 
However, Allmand and Polack place a reproducibility of only 0.001 \ 
on their original measurements, and an interpolation of their results 
is possibly less precise. 

Because of the importance of accurate values of the standard elec- 
trode potentials over a range of temperatures for thermodynamic 
and analytic calculations, a redetermination of some of the older 
values appears desirable. This paper gives the results of a redetermina- 
tion of the standard electrode potential of sodium, in which liquid 
junctions were eliminated and a reliable refere::ce electrode was used 
As in the pioneer work of Lewis and Kraus, a nonaqueous and an 
aqueous cell were used. Dimethylamine, instead of ethylamine, was 
used as the solvent in the nonaqueous cell because Bent and Swift, 
Jr. [2], have shown that dimethylamine reacts with sodium much less 
readily than does ethylamine. The two cells may be represented by 


Na(s); Nal(in dimethylamine) ; Na(amalgam) 
and 
Na(amalgam) ; NaCl (0.05 or 0.1 m), AgCl(s) ; Ag(s). 


II. UNITS AND STANDARDS 


According to computations to be published shortly by C. S. Cragoe, 
of this Bureau, the value of RT, is 2271.16 abs j mole. The value 
of 7), the temperature of the ice point, is taken as 273.16° K [24], and 


§ Figures in brackets indicate the literature references at the end of this paper. 
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i value of. R is therefore 8.3144 abs j deg™! mole—. To obtain the 

ue of R in international joules, the conversion factor of 1.00020 
was accepted from the critical examination by Wensel [24], thus 
civing R=8.3127 int j deg? mole“. 

Wensel has also discussed the value of the faraday obtained from 
the silver and the iodine coulometers. The full precision of the mean 
value is given by F=9.650X 104 int coulombs. 

In chemical thermodyn: amics, quantities of energy are often ex- 
pressed in calories, even though these quantities are measured pre- 
cisely 1n electrical units. Unfortunately, the term “calorie” by itself 
is not definite, since it may mean the heat capacity of water at some 
temperature or it may signify a unit defined arbitrarily in joules inde- 
pendently of the properties of water. The use of the calorie as a 
unit of energy thus requires the statement of a conversion factor 
which depends, for example, upon whether the ake recommended 
by the International Union of Chemistry in 1934 [19] as 4.1833 int j, 
the International Steam Table calorie of 3600/860 abs j, or some other 
calorie is used. It would seem better to propose that the calorie be 
rane eee as a unit of energy and to work towards a gradual attain- 
ment of that end. In this paper the results are reported in interna- 
tional joules and the calorie is used only in calculations involving 
measurements reported in calories by other workers. 

The primary reference electrode, with respect to which the values 
of standard electrode potentials are conventionally given, is the stand- 
ard hydrogen electrode; but for the actual measurements it is usually 

iecessary to employ a secondary reference electrode. For many 
invcmadtinnis the silver-silver chloride electrode is an excellent 
secondary standard. The conditions under which it is constant and 
reproducible have been investigated [22, 23], and its value with respect 
to the standard hydrogen electrode has been particularly well studied 
over a range of temperatures (0° to 60° C) by Harned and Ehlers [6]. 
A recent recalculation of their results [5] yielded values which were 
neither seriously nor consistently different from the original figures. 
For our measurements, the values of Harned and Ehlers as expressed 
by their equation 


E° = —0,22239 4-6.4552 X 10-4(¢— 25) +3.284 X 10-°(f—25 
— 9.948 x 10-°(t—25)? 


were adopted and are given in table 1. 


TaBLe 1.—Reference values of the standard electrode potential E° of the silver-silver 
chloride electrode and of the mean activity coefficient fm of sodium chloride 


E° | fm(0.05m) —|fm(0.01 m) 


into | 
—0. 23391 
—. 23130 | 
—_ 20851 | 
22554 | 
—. 22239 
—. 21908 
~| 21562 
—| 21200 
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The sign of an electrode potential may be taken as that of tho 
hypothetical cell 


electrode; solution ||H*(a=1); H2(1 atm), 


considered as positive when the electrode acts sponti neously as thy 
anode and the hydrogen electrode as the cathode. The double verti. 
cal lines indicate that liquid junctions or their effects have been elimi 
nated. The numerical value of a stand: “e electrode potential depend 
on the scale of concentration employed [14]. It is convenient a i 
customary in work on electrode potentials to follow the conventio; 
popularized by G. N. Lewis [13] —to express concentrations in terms 
of formula weights of solute per 1,000 g of solvent. If the subs script 
m denotes this molal concentration and the subsc ript c denotes con- 
centration per 1,000 cm of solution, the difference between the values 
of a standard elec trode potential on ‘the two scales is given by EF, —E° 

-—(RT/NF)in d,, where d, is the density of the pure solvent at th 
given temperature and pressure. This equation may be derived in 
the following way. 

By definition, activity is given by the equation F=F°+RT In a 
For a given mass, expressed on the two different scales of concentra- 
tion, F is the same while F° and a are different. Thus 


r= (F°+RT ln an 
| F&+RT In a, 


Since F%, and F% are both constants, it follows from the properties of 
the logarithm that the ratio m/d,=consts unt. The constant may be 
evaluated by the following method. 

Consider a solution of density d having a concentration expressed 
as c moles of solute of molecular weight M per 1,000 cm of solution, 
corresponding to a molality of m moles per 1,000 ¢g of solvent of 
density d,. From the definition of these scales of concentration, 
their ratio may be expressed by the equation 


c Me 
i 1,000’ (1) 


and since a.=f.c and a,,=f,m, where f, and f, are the corresponding 
activity coefficients, 

Ime _g Me 

Tile 1,000 


In aqueous solutions the infinitely dilute solution is chosen as the 
standard state, so that the activity coefficients approach unity as the 
concentration approaches zero. Thus eq 2 reduces to 


(3 


when m and c¢ become zero, since the density of the solution — 
that of the pure solvent, and this limiting case thus serves for th 
evaluation of the constant. 
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The expression for the emf of an electrode as a function of the 
tivity on the two scales is 


Ws 7 


aa ae 
=f — NF In a,, 


from which 
1° ‘77 RT, a 
Pome IG tt ate eee A es 4) 
- . NF am ( 
Since the standard electrode potentials on the two scales are constants 
independent of any actual molalities or concentrations, the activity 
ratio in eq 4 must have the same value at a given temperature for all 
corresponding molalities and concentrations, including infinite dilu- 
tion, and the value of this ratio is fixed by eq 3. Equation 4 may 
now be written 
190 oO R d i - 
En — Ee= — Hp In d.) (oO) 
to obtain the difference between the standard electrode potentials on 
the two scales. For aqueous solutions this difference amounts to 
zero at 4°, 0.08 mv at 25°, and 0.33 mv at 50° C. 
A simple relationship between the activity coefficients on the two 
scales, namely, 
c ‘a 
In (6) 
I d,m 


results when the activities @, and a, are replaced in eq 3 by their 
equivalent expressions f,,m and f,c, respectively. 

The activity coefficient of sodium chloride at 25° C has been 
determined precisely by Brown and MacInnes [3, 16]. Their values 
at this temperature for the molalities of 0.05 and 0.1 used in this work 
were taken as standard, and the values needed for the other tem- 
peratures at the same molalities were calculated with the aid of the 
excellent data obtained by Robinson and Gulbransen [4, 20] on the 
relative partial molal heat contents of solutions of sodium_chloride. 
From their data, the relative partial molal heat content L2 of the 
sodium chloride was expressed in calories as a linear function of the 
temperature by the equations 


T,=93.97 +3.256(t—25) for 0.05m, and 
T.=100.09-+4.542(t—25) for 0.1 m. 


The difference between the logarithm of the activity coefficient at 
a particular temperature and at 25° C was then computed by inte- 
gration of the equation 


din fa_ —T: 
dT 2RT” 


in Which fm is the mean activity coefficient on the molality scale. 
I'he reference values of Brown and MaclInnes, given on the volume 
concentration scale at 25° C, were converted to the molality scale 
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by eq 6 and then corrected to the other temperatures. The meap 
activity coefficients thus computed are given in columns 3 and 4 
of table 1. 

III. MATERIALS 


The mercury used in the preparation of the amalgam was virgiy 
mercury purified by washing with nitric acid, distilling in a Hulet; 
still [7], distilling under a vacuum, and filter. 
ing through a fritted glass filter. 

The amalgam was made electrolytically jy 
a roundbottom 1-liter flask having two side. 
arms for the electrodes, and at the bottom a; 
outlet tube with a stopcock and a ground 
joint of standard taper, as shown in figure j. 
Approximately 200 ml of mercury was put in 
the flask, A, and covered with 400 ml of g 
5-percent solution of sodium hydroxide. 
which was tested and found to conform to 
the specifications of the American Chemica! 
Society for the reagent grade of this mate- 
rial [8]. One of the platinum electrodes 
dipped into the mercury and the other into 
the solution. The mercury was. stirred 
mechanically during the electrolysis, which 
was continued until a plot of current and 
time indicated that the desired approximate 
concentration had been attained. When its 
preparation was completed, the amalgam 
was transferred to the reservoir, C. To 
relieve strain during the transfer, a flexible 
spiral of glass tubing, B, was inserted between 
the flask and the reservoir. The reservoir 
and spiral were evacuated before the amalgam 
was transferred. Dry nitrogen free fron 
oxygen was then placed, at a pressure of 
about 20 em above atmospheric, over the 
amalgam. The amalgam had substantially 
oe a en the same appearance as pure mercury and 

the preparation of sodium this appearance was retained throughout the 

amalgam. investigation. For analysis, portions of the 
eels caida iii amalgam were decomposed by water, on a 
spiral; C, amalgam storage vessel. Steam bath to hasten the rate of reaction. 
The resulting solutions of sodium hydroxide 

were separated from the mercury, treated with an excess of standard- 
ized sulfuric acid, boiled to remove carbon dioxide, and the excess acid 
was titrated with standard alkali using bromthymol blue as the 
indicator. The analyses, which are more informational than funda- 
mental for the investigation since the concentration of the amalgam 
is not involved in the final electrode potential, showed that. the 
amalgam contained 0.06514 +0.00006 percent by weight of sodium. 

The sodium used for one electrode of the nonaqueous cell was 2 
commercial product which was found by test to conform to the 
specifications of the American Chemical Society for the reagent grade 
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of this material [10]. A sample was converted to sodium chloride 
and tested for potassium [9]. Within the sensitivity of the test 
0.01 percent), no potassium was found. A spectrographic examina- 
tion of a sample indicated only traces of impurities. 

The dimethylamine for the solvent in the nonaqueous cell was 
prepared I from dimethylamine hydrochloride of cp grade and sodium 
hydroxide of reagent grade. 

The sodium iodide for the electrolyte in the nonaqueous cell was 
of reagent grade, recrystallized, heated to incipient fusion, and stored 
in a desiccator until used. 

Pan sodium chloride for the electrolyte in the aqueous cell was of 

agent grade, further purified by two precipitations with gaseous 
hydrogen chloride, followed by recrystallization from redistilled water 
and fusion in a platinum dish. A sample was shown by test [9] to 
contain less than 0.01 percent of potassium. 

The aqueous solutions were prepared to have the desired concentra- 
tions on the molal basis (formula weights of salt per 1,000 g of water) 
hy weighing the dry salt and the added redistilled water. All 
weights were corrected for air buoyancy. 

"he nitrogen used for an inert atmosphere was freed from oxygen 
and other undesirable gases by passage over hot reduced copper and 
throuch columns containing dilute alkali and dilute acid. That which 
was used in contact with the amalgam and in the preliminary sweep- 
ing out of the cell was dried with anhydrous magnesium perchlorate, 
and that used to eliminate oxygen from the solution was bubbled 
through a solution of the same concentration. 

The silver-silver chloride electrodes were of the thermal-electrolytic 

type and were equilibrated [22, 23] in the cell for at least 2 days before 
use. Two of these electrodes were used in the aqueous cell and their 
differences in eraf were always less than 0.01 mv. 


IV. APPARATUS AND PROCEDURE 


The nonaqueous cell, H, and the apparatus for filling it are repre- 
sented in figure 2. The auxiliary apparatus consisted of a still, A 
a drying tube, B, filled with Drierite (anhydrous calcium sulfate), 
drying tube, C, filled with Hydralo (anhydrous aluminum oxide), 
and an amine reservoir, D. At E was placed a magnetic hammer 
by means of which the capillary inner seal, J, could be broken when 
desired. The bottom of one limb of the cell was fitted with a stand- 
ird-taper joint to accommodate the amalgam reservoir; and the other 
limb was fitted with a capillary tube sealed to a bulb, from which 
the sodium for one electrode was later filtered into the cell through 
the capillary. The horizontal connecting arm of the two limbs was 
provided with a pocket and a tube through which the electrolyte, 
sodium iodide, was placed in the cell. A tube for introducing the 
solvent was also provided. Platinum wires for contact with the 
electrodes were sealed in soft glass tubes, which in turn were joined 
to the cell by means of graded soft glass to Pyrex seals. 

One hundred grams of dimethylamine hydrochloride was placed 
in the still pot, and a solution containing sodium hydroxide in excess 
of the amount necessary to liberate the free amine was added by means 
of the funnel inlet. The still pot was gently heated, and cold water 
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was circulated through the condenser. Tube G was open to the atmos. 
phere at this time. Dimethylamine distilled into the receiver, jp 
which had been filled partially with shavings of metallic sodium an 
immersed in a cooling bath containing solid carbon dioxide in a mix. 
ture of carbon tetrachloride and chloroform. When distillation wa; 
completed, the receiver was sealed off at F. Tube G@ was then con. 
nected to a vacuum system and the source of pure dry nitrogey 
Residual air in the receiver was removed by alternate evacuation ani 
admission of nitrogen, after which the receiver was sealed at G unde; 


©) 


A 


Kigure 2.—Nonaqueous cell and auxiliary apparatus 


A, distilling assembly; B, drying tube containing Drierite; C, drying tube containing Hydralo; D, ar 
storage vessel; H, magnetic hammer; H, nonaqueous cell in position for filling; J, capillary inner-sea 
valve. 


the vapor pressure of the dimethylamine at the temperature of th 
cooling bath. The liquid amine was thus stored over sodium until 
needed. 

The amalgam reservoir was next connected to the cell by means of 
the standard-taper joint, sodium was placed in the bulb provided for 
it, and the sodium iodide was added. The apparatus was evacuated, 
a sufficient quantity of amalgam was introduced, and the side arm 
leading to the amalgam reservoir was sealed off close to its limb of the 
cell. The bulb containing the sodium was heated and the liquid 
metal flowed through the capillary to the other cell limb and, at thi 
same time, was filtered from oxide crust. This side arm was then 
sealed off. After this, the cell was surrounded by the cooling bath, 
the capillary inner seal, J, was broken, and dimethylamine was dis- 
tilled into the cell. When sufficient amine had been introduced, the 
cell was sealed off from the filling apparatus. 

The main requirements upon which the design of the aqueous cel! 
was based are (1) an easily renewable amalgam electrode to present a 
reproducible and unpolarized surface for each measurement; (2) 4 
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means for removal of used amalgam to prevent continuous reaction 
vith the solution; (3) a means for renewal of the electrolyte to eliminate 
solution Which has reacted with amalgam; and (4) the exclusion of 
oxygen. 

The design adopted for the aqueous cell is sho-vn in figure 3. The 
cell proper, G, consisted of a longer limb for the capillary amalgam 
Jectrode and a shorter one for the silver-silver chloride electrodes 


FicurE 3.—Aqueous cell and auxiliary apparatus. 


4, amalgam storage vessel; B, solution reservoir; C, capillary amalgam electrode; D, solution outlet tube; 
E, amalgam removal tube; F, solution inlet tube; G, aqueous cell; H, nitrogen gas saturator; J, nitrogen 
outlet. The dotted line shows the depth of immersion in the constant temperature bath. 


‘he electrode tubes were sealed to ground joints of standard taper. 
‘he apparatus was made of Pyrex glass except for graded soft glass to 
Pyrex seals * on the two silver-silver chloride electrode tubes, which 
‘acilitated sealing in the platinum wires to hold these electrodes. 
Jach limb contained a gas-bubbling tube so that nitrogen could be 
passed through either at will. The gas outlet, 7, common to both 
imbs, was provided with a sump to prevent condensed water vapor 
rom returning to the cell when measurements were made at temper- 
atures above that of the laboratory. The longer limb had a funnel- 
shaped partition just below the bubble tube. A small orifice in this 
partition permitted drops of used amalgam to fall to the bottom and 
hindered back-diffusion of amalgam decomposition products. An 
outlet tube, D, just below this partition, for removing solution, and a 
capillary tube, £, for withdrawing used amalgam from the bottom, 
were sealed to the amalgam limb. 


I 
| 
| 


| One of the intermediate glasses in these graded seals was found to be attacked by solutions of sodium 
chloride. The amount of decomposition was great enough to cause mechanical failure in a relatively short 
time and, for this reason, the graded seals were placed above the level of the solution in the cell. 
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The capillary amalgam electrode was given an S-turn, C, bees 
with a straight capillary tube a break and consequent gap in {| 
column of amalgam sometimes occurred at the contact wire. 1 
upward flow of amalgam past the contact wire eliminated this annoy. 
ance. ‘To insure further against a break in the column of amaleg’ 
and to avoid preliminary contact and reaction of the amalgam wit! 
the solution, the capillary was first filled, by suction, with pur 
mercury up to and through the stopcock bore, before it was placed | 
the cell. ‘To facilitate alinement with the amalgam reservoir, A, an, 
to take up changes in strain, a flexible glass spiral was sealed betwee; 
the stopcock and ground joint of the amalgam electrode. 

The ‘solution reservoir, B, consisted of a round-bottomed flas 
having a capacity of 1 liter, to which were sealed inlet and outle: 
tubes for nitrogen, a tube for filling with solution, and a spiral, F 
connecting it to the cell. The reservoir was supported above the 
cell at the temperature of the laboratory. The function of the 
spiral was to bring the solution to the temperature of the thermostat 
before it entered the cell. Nitrogen, saturated with water vapor at 
room temperature, was passed through the reservoir to displace 
oxygen from the solution, on through the saturator, H, which wa: 
immersed in the thermostat and filled with some of the same solu- 
tion, and then through the cell to the outlet, J. Before filling the 
cell and saturator, dry nitrogen was passed through them overnight 
and during this time a ground-glass plug took the place of the silver- 
silver chloride electrode tube. After the cell and saturator were 
filled with the oxygen-free solution, the silver-silver chloride elec- 
trodes were inserted and nitrogen was bubbled through for at least 
2 days, to insure complete equilibrium of these electrodes with the 
solution [22, 23] before measurements were made. The next step 
was to connect the amalgam reservoir with the capillary electrode, 
evacuate the flexible spiral, and fill it with amalgam. 

When a sufficient amount of amalgam had been passed through 
the capillary to displace the pure mercury, reproducible potential 
differences were obtained. During the measurements, fresh solution 
was passed through the amalgam limb of the cell at a rate of about 
2 ml per minute. With this rate of flow, no significant differences 
were observed in the potentials of successive drops of amalgam, 
which would result if any appreciable change in composition of the 
solution were caused by reaction with the amalgam. To make sure 
of this, the amalgam limb was occasionally drained and refilled with 
fresh solution without causing any appreciable change in emf. 

To bring the measured emf within the range of the potentiometer, 
an unsaturated Weston standard cell was connected in opposition to 
the aqueous cell, and the difference in emf was observed. This 
unsaturated standard cell was kept in an insulated box, and its emf 
was determined before and after each series of measurements. 

Stationary and flowing amalgams were tried and the former proved 
to be more satisfactory. A fresh drop of amalgam was produc ed on 
the electrode tip and emf readings were made. The readings quickly 
reached a maximum which was within less than 0.1 mv of the initial 
value, then varied only a few hundredths of a millivolt from this 

value for a longer period of about 1 minute, after which a slow but 
definite decrease in emf occurred. Each fresh droplet behaved in 
the same manner, and the maximum reading of each was recorded. 
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rhe emf reported at each temperature is the average of at least 
9 such readings, with an average deviation of about +0.02 mv. 
\fter each series of measurements was completed, the solution level 
was lowered so that the capillary tip was out of the electrolyte but 
he silver-silver chloride electrodes were still immersed in the solu- 
ion. This was done to minimize reaction with the amalgam during 
he periods between observations. The old electrolyte was drained 
nd fresh was run in before each new series of measurements. 

Both the aqueous and nonaqueous cells were immersed in an oil 
hermostat which was equipped with a cooling unit for maintaining 
temperatures below that of the room to a constancy of +0.03° C. 
For temperatures above that of the room, the constancy was better 
than +09.01° C. The temperatures were read with a Beckmann 
thermometer, the setting of which was checked at each temperature 
with a platinum resistance thermometer. 

The measurements of electromotive force were made with a cali- 
brated Rubicon type B potentiometer, and a pair of saturated Weston 
standard cells which were kindly made, calibrated, and supplied by 
G. W. Vinal and L. H. Brickwedde, of the Electrical Division of this 
Bureau. These cells were housed in a temperature-control box espe- 
cially designed for saturated standard cells [18]. The galvanometer 
employed was a Leeds & Northrup Type R instrument which had 

resistance of 495 ohms and a current sensitivity of 0.000092 
pa/mm)/m. 

On any one day, measurements were made at only one temperature. 
The first measurements were made at 25° C and, as soon as these were 
pleted, the temperature of the bath was lowered to approximately 

On the following day the temperature was adjusted closely 
to 20° C. Thus the temperature was within a few tenths of a degree 
if the desired value for at least 18 hours, and within a few hundredths 
for at least 2 hours, before observations were started. This procedure 
was continued for successive 5-degree intervals down to 5° C.  Fol- 
lowing the measurements at 5° C the temperature was brought back 
to 25° C in one step for a test of reproducibility and hysteresis. The 
reproducibility was within a few hundredths of a millivolt, and no 
hysteresis effects were observed. The temperature was then raised 
in 5-degree steps up to 40° C and brought back in one step from 40° 
to 25° C. This procedure was applied to both the nonaqueous and 
the aqueous cells. Two concentrations of the solution of sodium 
chloride, 0.05 and 0.1 m, and one concentration of the amalgam, 
0.0651 percent by weight of sodium, were used. 


V. RESULTS AND DISCUSSION 


Nonaque OUS CE ll. 
The measured values of the emf of the nonaqueous cell, 


Na(s); Nal (in dimethylamine); Na(0.0651% amalgam), 


at the different temperatures are given in column 2 of table 2. The 
results can be expressed by the equation 


E’=0.88578+0.00008390 (é—25) +0.000000762 (t—25)*, 


vith average and greatest deviations of 0.02 and 0.06 mv, respectively. 
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The values of AF in the third column were calculated from ths 
equation and the relationship AF = — FE, in which AF is the He 
in partial molal free energy accompanying the cell reaction and F'js { 
faraday. The values of AS, the change in partial molal cei 
given in the fourth column were obtained from the relationshir, 
AS=FdE/dT, in which dE/dT=0.0008390+0.000001524 (t—95) 
The values of AH, the change in partial molal heat content, listed in 
the fifth column were calculated from the equation AH=AF + TAS 
Bent and Swift, Jr., [2] have measured similar cells and have givey 
equations for computing AF and AH for different mole fractions of 
sodium in sodium amalgam, at different temperatures between 5° and 
25° C. The values of AF computed from their equations agree with 
ours to 0.06 percent in the comparable range of 5° to 25° C. Th 
values of AS, which depend on the temperature fe eal of emf, 
differ by 5 to 6 percent, and the values of AH differ by about 0.2 
percent. Considering the small magnitude of AS and that the com- 
parison is made with interpolated data, the agreement appears 
adequate. 


TABLE 2.—Cell: Na(s); Nal in Seat; Na (0.0651 % amalgam) 
Reaction: Na(s) = Na(0.0651% amalgam) 


fa Ss 


ut j/mole | int jj mole deg int j/mole 
5343 | 5.1 —83909 
5. 89 —83703 

—83494 

—83280 | 

—83063 | 

—82840 

—82617 





| 
} 
| 


The effect of pressure on the emf of the nonaqueous cell was cal- 
culated to be approximately 0.008 mv per atmosphere by the equation 
dE/dP=—AV/F, in which AV is the difference between the partial 
molal volume of sodium in the amalgam and of pure sodium. The 
partial molal volume of sodium in the amalgam was estimated fron 
the data of Maey [17]. The pressure within the cell at the different 
temperatures was calculated from determinations by Simon and Huter 
[21] of the vapor pressure of dimethylamine. The calculated cor- 
rections ranged from less than 0.01 mv to a maximum of only 0.(2 
mv and were not applied to the data. 

Aqueous cells. : 

The results with the aqueous cells are given in table 3. The £ 
values were obtained by adding to the L values the terms 


(RT/F)In(fnm), 


in which f, is the activity coefficient on the molal scale, 
given in table 1. As a test of the reliability of the observations, 
the ratios of the activity coefficients were calculated by the equation 
FAE=2RTIn(2fo1/fo.0s), in which AE is the difference between 
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he emf of — two aqueous cells and corresponds to the transfer 
Val ia NaCl(0.05m). The calculated ratios were compared 
. vith the re atios of the values given in table 1, which were used in the 

mputations of H°. Over the entire temperature range the greatest 

ference found between these two sets of ratios was 4 parts and the 
erage difference was 2 parts in 1,000. This agreement is satis- 
‘aetory, since the differences in emf were obtained indirectly as the 
Jiferences between quantities nearly 100 times as large. However, 
these differences in emf are not of sufficient accuracy to justify their 
ise for calculations of the changes in entropy and heat content 
accompanying the transfer of sodium chloride between the two con- 
centrations. 


TABLE 3.—Cell: Na (0.0651% amalgam); NaCl (0.05 or 0.1 m), AgCl(s); Ag(s) 
Reaction: Na (0.0651% amalgam) + AgCl(s) =NaCl(0.05 or 0.1 m)- 

Ag(s) 
=s 1n(0.05fm 0.1 


int o int v into | int v int t 

Q. 16282 04802 17009 | —(Q). 12220 2. 04785 

-. 15560 04880 7 304 . 12442 2. 04862 

-. 15838 04937 36 —, 12665 2. 04921 
—. 16118 04968 —. 12890 2. 04960 

. 16399 04983 2.04989 | 

16682 04987 2.04993 | 

—. 16965 2.04978 


2.04974 
. 17250 2. 04946 2. 04952 


myrrnrwy 





to bo bo tw bo tS tO tO 


to bS bo BO bt dO tS to 


Combinations of cells—By adding to each £ given in table 3, the # 
of the nonaqueous cell at the same temperature, as given in table 2, the 


emf of the cell 
Na(s); NaCl (0.05 or 0.1 m), AgCl(s); Ag(s) 
is obtained for each temperature and may be expressed by the follow- 
ing equations. 
For m=0.05, 
E=3.09964 +-0.0006699 (t— 25) —0.00000240(t— 25) 


with average and greatest deviations of 0.02 and 0.05 mv. 
For m 0.1, 


EL=3.06679-+- 0.000567 1 (¢—25) —0.00000241 (t— 25)? 


with average and greatest deviations of 0.03 and 0.07 mv. 

A rather severe test of the data may be made by taking the second 
derivatives of these equations to calculate the difference between the 
molal heat capacities of the products and reactants of the cell reaction 


Na(s) + AgCl(s) = NaCl(0.05 or 0.1 m) + Ag(s) 
by means of the relationship AC,=7TF@E/dT?. The value thus 
found may be compared with the “algebraic sum of the molal heat 


capacities directly observed, since 


AC,=C,(Ag+C,(NaCl, 0.05 or 0.1 m)—C,(Na) —C,(AgCl) 
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At 25° C and m=0.05, for example, AC, is calculated from the equa- 
tion involving the second derivatives of £ to be — 138 int j as compa ; 
with —133 for the sum of the separately measured quantities, 
more interesting comparison is that of the value calculated for C,(Na(\ 
0.05 or 0.1 m) with its value obtained from measurements of heats ¢ 
dilution. Thus, from the values of C; for silver (25.3), sodium (28 4 
and silver chloride (52.6), listed in International Critical Tables (11 
and our result of —138 int j for AC,, the partial molal heat capacity 
of 0.05 m sodium chloride is calculated to be —82.3 int j or —19.7 ¢4j 
Gulbransen and Robinson [4], from measurements on the heats 9; 
dilution of solutions of sodium chloride, expressed its partial mola! 
heat capacity in calories by the equation C,=—21.9+15.8 » 
which yields —18.4 calories for 0.05 m with a probable error whiel, 
they estimate to be not more than 15 percent. The agreement a; 
0.1 m is not quite as close, the difference being 2.9 cal, but is satis. 
factory for a comparison which involves a second derivative and dat, 
on specific heats from various sources. 
For the cell 


Na(s); NaCl (f,m=1), AgCl (s); Ag (s) 


I 


the value of H° at each temperature was obtained by adding to eacl 
average E° for the aqueous cell, given in the last column of table 3. 
the corresponding F for the nonaqueous cell given in table 2. Th 
results, which are given in table 4, may be expressed by the equation 


H° =2.93564 +0.0001096 (¢— 25) —0.00000268 (t—25)?, 


which shows an average deviation of 0.02 mv and a greatest devia- 
tion of 0.04 mv from the tabulated results. Table 4 also includes 
the change in partial molal free energy, entropy, and heat content 
accompanying the cell reaction, calculated with the aid of the equa- 
tion and its first derivative. 


TABLE 4.—Cell: Na(s); NaCl( fmm=1), AgCl(s); Ag(s) 
Reaction: Na(s) +AgCl(s) = NaCl( f,m=1) + Ag(s) 





—28 
— 283369 
2. 93669 — 283390 














The standard electrode potential of sodium.—The emf of the hypo 
thetical cell 


Na(s); Nat (fzm=1)||;H*(f,,m=1); H2(1 atm) 
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may be found by adding the standard electrode potential of the 
silver-silver chloride electrode, given in table 1, to the electrode 
potential of the cell 


Na(s); NaCl(f,m=1), AgCl(s); Ag(s) 


iven in table 4, at each temperature. The E° value thus obtained 
at each temperature is the standard electrode potential of sodium. 
These final results are shown in table 5 together with the value of £°, 
AF°, AS°, and AH® calculated from the equation 
E° =2.71324+0.0007532 (¢— 25) +0.000000688 (t—25).? 

This equation expresses the tabulated values of the standard potential 
of sodium in the temperature range of 5° to 40° C, with an average 
deviation of 0.02 and a greatest deviation of 0.05 mv. The smoothed 
values of H°, calculated from the equation and given in column 3 of 
table 5, a recommended as ‘‘best”’ values for the standard electrode 
potential. 


TABLE 5.—The standard electrode potential of the sodium electrode 


| 
AS AH 


E° from I° from AF 
measurements! equation 


int j/mole 
— 240921 


int j/mole 
— 260401 


int v 


int j/mole deg 
69846 7 


70. 0 


3 


went 


— 260749 
— 261108 
— 261466 
— 261828 
— 262193 


— 262561 


70. 7 


~ 


— 240732 
— 240545 
— 240353 
— 240155 
— 239956 
— 239754 


9 

2 

9 

2. 

2. 2. 
9 

2. 7 

2 


Issa 


ll seal oe SO 
NO AIO 


NNO 
1 


— 262930 — 239543 


> 








The accuracy of the final results depends on a number of factors. 
Leaving out of consideration, for the moment, the reference silver- 
silver chloride electrode, the most critical of these factors and the 
calculated influence of their estimated uncertainties are: 

(1) The activity coefficients of sodium chloride, including their 
corrections to the different temperatures (9.03 mv). 

(2) Accuracy and constancy of temperatures (0.01 my). 

(3) Polarization of the amalgam electrode in the aqueous solution 
0.02 mv). 

(4) Calibrations of potentiometer and standard cells (0.02 my). 

(5) The concentrations of the aqueous solutions (0.005 mv) 

(6) Accidental errors (0.01 mv). 

(7) Neglect of pressure corrections (0.00 to 0.02 mv). 

The square root of the sum of the squares of these errors gives 0.04 
to 0.05 my for an estimate of the over-all accuracy of the measurements. 
The reference values of the silver-silver chloride electrode are prob- 
ably good to about the same amount, so that the values obtained for 
the standard electrode potential of the sodium electrode are considered 
to be correct to within 0.1 mv. 

269047—41—_—_-9 
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PREPARATION OF BENZOIC ACID OF HIGH PURITY 
By Frank W. Schwab and Edward Wichers 


ABSTRACT 


A comparative study was made of methods for preparing benzoic acid of a 
purity not less than 99.99 mole percent. The methods studied were fractional 
distillation in vacuum, recrystallization from water and from purified benzene, 
fractional freezing, oxidation of purified toluene with subsequent recrystallization 
from water, and hydrolysis of purified benzoyl chloride. The best preparations 
were obtained by repeated crystallization from benzene, by hydrolysis of benzoy] 
chloride, and by fractional freezing. They had a purity of 99.999 mole percent 
as determined by the freezing range and by specific heat measurements. The 
freezing point of benzoic acid is tentatively given as 122.36 +0.01° C. 
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I. INTRODUCTION 


Many properties of substances are determined by comparative 
rather than by absolute methods. The accuracy of comparative meth- 
ods depends on the precision of the measurements and on the accuracy 
with which the properties of the standard substance used for com- 
parison are known. As methods of making comparative measure- 
ments improve, an increasing demand is made on the accuracy with 
which the properties of the standard substance are determined. A 
high degree of accuracy in the original determination of the properties 
of this reference substance requires not only a high degree of uniformity 
of composition but also a close approach to ideal purity. 

Benzoic acid is commonly used as a standard substance for calo- 
rimetry and acidimetry, and “standard samples’”’ of this substance 
have been issued by the National Bureau of Standards for many 
years. Morey‘ made a study of the suitability of benzoic acid as a 
primary standard in acidimetry and alkalimetry. He found that it 
could be titrated with a standard alkali to a high degree of accuracy 


' George W. Morey, J. Am. Chem. Soc. 34, 1027 (1912). 747 
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and that this method afforded a rapid and accurate means of cop. 
paring the purity of various preparations. Morey purified commere,| 
benzoic acid by recrystallizing it from solvents and fractionally 
subliming it in a vacuum.? Weaver® purified the acid in a manne; 
similar to that used by Morey. Each fused the acid prior to titration 
This treatment was designed to remove water that was absorbed 
during contact with air. 

When a redetermination of the heat of combustion of benzoic acid 
was recently undertaken by the Heat Measurements Section of this 
Bureau, with an anticipated precision of 0.01 percent, it became 
desirable to prepare benzoic acid which would have a purity of a 
least 99.99 mole percent. Y 


II. CRITERIA OF PURITY 


Criteria of purity for a nearly pure organic substance should }p 
independent of known properties of the substance. Physical prop. 
erties are usually not known with sufficient accuracy to permit esti- 
mation of purity by comparison even though the identities of the com. 
pounds under consideration and of some of the impurities in it are 
known. Independent criteria which are generally used depend on 
(1) vaporizing or condensing behavior and (2) freezing or melting 
behavior. If, like benzoic acid, the substance is a moderately strong 
acid, its acid value is also a useful index of purity and is often so used. 
The acidimetric method as commonly applied is not suitable, however, 
for determining differences in purity smaller than 0.01 percent. 


1. VAPORIZING AND CONDENSING BEHAVIOR 


The behavior on evaporation or condensation as a criterion of 
purity * is suitable only for substances that do not decompose sig- 
nificantly, and is generally utilized by measuring the boiling range 
under constant pressure or by determining the initial and final vapor 
pressures during an isothermal vaporization or condensation. The 
method is most sensitive when the substance is distilled in an efficient 
fractionating column. The boiling points under the same external 
pressure, or the difference in vapor pressure at the same temperature, 
of the first and last fractions may then be compared. 

It is known that benzoic acid undergoes measurable decomposition 
at temperatures 50° to 100° C below its normal boiling point (about 
250° C). The identity of some of the products of decomposition is 
not known, but in the course of the present work it was found that 
one of the reactions at these temperatures is the slow formation of 
benzoic anhydride and water. Although the concentrations of anhy- 
dride and of water are probably small under equilibrium conditions at 
130° C or somewhat higher temperatures, transformation of the acid 
to these products is rapid enough so that distillation in an efficient 
fractionating column for the desired separation is not practicable. It 
is obvious, therefore, that this method cannot be readily applied 
under conditions most suitable for obtaining the highest sensitivity. 

2 George W. Morey, J. Am. Chem. Soc. 34, 550 (1912). 

3 E. R. Weaver, J. Am. Chem. Soc. 35, 1309 (1913). 

4E. W. Washburn, The problem of establishing the identity and purity of a hydrocarbon obtained from petro 
leum, J. Ind. Eng. Chem. f 985 (1930). Also see Martin Shepherd, A critical ——_ the purity of gases, BS 


J. Research 12, 185 (1934) RP 643. For a further discussion of this subject see Swietostawski, Ebu- 
liometry (Chemical Publishing Co., New York, N. Y., 193 
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2. CRYSTALLIZING AND MELTING BEHAVIOR 


In the work described in this paper the purity of benzoic acid was 
determined from its behavior during freezing or melting. The test 
based on the freezing behavior is customarily applied by determining 
the cooling curve through the entire freezing range. White® has 
discussed the theoretical aspects of this method and the assumptions 
involved. 

In adapting this method to the present problem, the authors ® 
found numerous sources of error which limited its accuracy but which 
could be largely eliminated by comparing the freezing range of the 
substance with that of the same substance after adding a known con- 
centration of a properly chosen “impurity.”’ By so doing it was found 
possible to use any selected interval of the freezing range and, with 
appropriately refined technique, to determine concentrations of im- 
purity of 0.01 mole percent or less. Since the completion of the work 
just cited, the technique has been further perfected.’ It was found 
that for preparations containing up to about 0.30 mole percent of 
impurity the uncertainty of the determination is not greater than 
0.01 mole percent. The purity of highly pure samples was deter- 
mined to 0.001 mole percent or better by making several observations 
on a given preparation. It was possible, for example, to distinguish 
between two preparations estimated, respectively, as 99.999. and 
99.999, mole percent pure. The accuracy of the method is limited 
in part by the very slow formation of benzoic anhydride when the 
liquid to be frozen is thoroughly dried. 

Another sensitive test of purity is based on the variation in the 
heat capacity of a substance at temperatures slightly below its melt- 
ing point. This test involves a determination of the first part of the 
' melting range by calorimetric rather than by thermometric means. 
' Any departure from a linear variation of heat capacity with respect 
} to temperature is ascribed to absorption of heat associated with 
' melting. Several of the preparations described in this paper were so 
examined by R. S. Jessup, of the Heat Measurements Section of this 
| Bureau, in accordance with a procedure described by Dickinson and 
| Osborne.’ 

It will be noted from table 2 that the estimates of purity of several 
preparations which are based on the calorimetric method are in close 
» agreement with those based on the measurement of the freezing range. 
| The samples used for the calorimetric measurements were prepared 
before the slow formation of benzoic anhydride during drying had 
been observed. It is possible, therefore, that some of these samples 
were somewhat ‘‘overdried” and hence less pure than the correspond- 
ing ones used later for the measurement of the freezing ranges. The 
calorimetric method, although inherently more sensitive than the 
thermometric method is more time-consuming. 


' Walter P. White, J. Phys. Chem. 24, 393 (1920). 

‘F. W. Schwab and Edward Wichers, Precise Measurement of the Freezing Range as a Means of Deter- 
mining the Purity of a Substance. This paper appears as a chapter in Temperature, Its Measurement and 

Control in Science and Industry, (Reinhold Publishing Co., New York, N. Y., 1940). 

| 7All the results reported in this paper were obtained by freezing the substance at twice the initial rate 
employed in the earlier work. This was done by doubling the difference in temperature between the freez 
ing substance and the cooling bath. The desired part of the freezing range was observed in about 60 minutes, 
and better conditions were obtained at the beginning of freezing. 

*H. C. Dickinson and N.S. Osborne, Bul. BS 12, 49 (1915) $248. See also Evald L. Skau, J. chim. phys. 
} 41, 366 (1934), for a quantitative treatment of this subject. 
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In the remainder of this paper all references to “purity” ang 
“content of impurity”’ are based on determinations of the freezing 
range. : 

III. STABILITY OF BENZOIC ACID 


Before it was possible to reach a conclusion as to the relative merits 
of various methods of purification, and of various tests of purity, jt 
was necessary to investigate the stability of benzoic acid at temper. 
tures above its melting point. Three samples of material currently 
issued by the Bureau as Standard Sample 39e (containing 0.0)7 
mole percent of impurity) were heated in sealed glass tubes (Pyrex 
at 200° C for 72 hours. One was filled with air and a second with 
oxygen, each under a pressure of 1 atmosphere, and a third was 
evacuated. After this treatment the first contained 0.046; the second, 
0.047; and the third, 0.025 mole percent of impurity, as estimated 
from the freezing behavior. The color of the sample heated in the 
evacuated tube was pale yellow; that of the sample heated under air, 
light brown; and that of the sample heated under oxygen, slightly 
darker brown. From these results it appears that of the slight 
amount of decomposition which occurs below 200° C more is to be 
attributed to oxidation than to dissociation of the acid into benzoic 
anhydride and water. 

It was concluded that any treatment of the acid involving heating 
at temperatures not over 135° C for relatively short periods was not 
likely to cause significant deterioration. More exact information 
about the formation of anhydride was obtained in another way. 
During the process of repeatedly measuring the freezing range of a 
very pure sample of benzoic acid, the acid was dried before freezing 
and stirred while freezing by passing through it air which had been 
dried by phosphorus pentoxide. The dried air was passed at a con- 
stant rate through the molten benzoic acid, which was maintained 
at a temperature of about 130° C, for measured intervals between 
successive freezings. A progressive but slow decrease in purity was 
observed. After freezing the sample five times, the total change was 
0.005 mole percent. Since benzoic anhydride is a possible product 
of this treatment, it seemed reasonable that an increase in the partial 
pressure of the water in the air would reverse the reaction. It was 
found that a partial pressure of water in the air equal to 0.5 mm 4g 
(corresponding to 0.005 mole percent dissolved in the acid) °® was 
sufficient to do this, and by this treatment the content of impurity 
was reduced from 0.005 to 0.001 mole percent. ; 

In another series of experiments a known quantity of, benzoic 
anhydride (0.764 mole percent) was added to the benzoic acid. The 
concentration of water in the liquid acid was controlled by passing 
through it air saturated with water at selected temperatures. The 
rate of hydrolysis at 130° C was measured by maintaining a known 
concentration of water during a measured interval of time, then remov- 
ing the excess of water from the liquid by passing through it alr 

* The relation between the amount of water dissolved in benzoic acid and the partial pressure of water 
in the air with which the acid is in equilibrium was determined approximately by observing the depression 
of the freezing point of the acid when frozen successively in equilibrium with dry air and with air containing 
4.6 and 17.8 mm of water vapor. The indicated partial pressures of water were established by saturating 
air with water at 0° C and at 20.0° to 20.3° C, respectively. At these partial pressures the observed depres: 


sions of the freezing temperature were 0.04° and 0.15°C, which correspond to 0.05 and 0.20 mole percent of 
dissolved water. 
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dried over phosphorus pentoxide and observing the change in freezing 
temperature. The results in table 1 show that the reaction may be 
represented by the equation 


(C,H;CO),0+ H,O—2C,H;COOH. 


TABLE 1.—Rate of hydrolysis of benzoic anhydride 


|Temperature=130° C] 


arinutes Mole per- | Mole per- a on. 
MINULES | cent ofa | centofz a—z | ‘8G- 
| 


Concentration of water =0.31 mole percent 


| 0. 27 


0. 1959 | 0. 0012 
iv 


. 1931 . 0019 


. 04 


| . 0756 0015 
| - 06 


. 1614 . 0012 


1 
Ly 
} . 05 = | li . 0864 . 0011 
LS 
1 





Concentration of water=0.05 mole percent 
| | : 
| 0. 02 0.19 1.1 | 0. 0374 . 0005 
| 01 18 11 =| .0253 «=| =. 0003 





Since the concentration of water is held constant and the rate of the 

reverse reaction is negligible in comparison with the rate of hydrol- 

ysis, the reaction is of the first order. The velocity constant for this 

reaction, for a given concentration of water in the liquid, may be 
‘alculated from the equation 

an a 

¢ a—2 


in which 


a=mole percent of benzoic anhydride at the beginning, 
z=mole percent of benzoic anhydride changed to resultants, 
t=time in minutes, 

k=velocity constant. 


No attempt was made to measure the rate of hydrolysis accurately. 
However, the results show that the rate of reaction is dependent on 
the concentrations of water and of anhydride. After the last obser- 
vation 0.18 mole percent of anhydride remained. Several milliliters 
of water was then added to the acid, and the mixture again heated to 
130° C. The excess water was removed by washing with dry air. 
After this treatment, the purity of the acid was 99.996 mole percent, 
which indicates that substantially complete hydrolysis of the an- 
hydride had taken place. Since the acid was kept at about 130° C 
for 50 hours before and 30 hours during this course of treatment, its 
final purity shows that, except for the formation of anhydride, benzoic 
acid is remarkably stable at temperatures not much above its melting 
point. As previously noted, the formation of the anhydride occurs 
only when the acid is in contact with very dry air. 
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IV. METHODS OF PREPARATION 


Two general courses were followed in the preparation of pure 
benzoic acid. One was to prepare the acid from carefully purified 
parent substances by selected reactions. The other was to star 
with a relatively pure acid (Standard Sample 39e) and purify it by 
the best available processes. : 


1. FROM PARENT SUBSTANCES BY SELECTED REACTIONS 
(a) OXIDATION OF TOLUENE 


One of the reactions chosen was the oxidation of toluene which had 
been purified by distillation until its boiling point was constant, to 
within 0.01° C. This was done to insure the elimination of impurities, 
such as xylenes, which would yield derivatives difficult to separate from 
the benzoic acid. The toluene was treated with potassium permanga- 
nate in a nearly neutral solution. The partial oxidation of organic 
substances is difficult to control, and in the oxidation of toluene 
evidence was obtained of the formation of aliphatic acids and also of 
some tarry material. After four crystallizations from water the 
product was 99.980 mole percent pure. It was, therefore, less pure 
than Standard Sample 39e (99.983 mole percent). Because of these 
difficulties this method was abandoned as a means of providing benzoic 
acid of high purity, although some modification of the procedure might 
have yielded a better product. 


(b) HYDROLYSIS OF PURIFIED BENZOYL CHLORIDE 


A reaction which proved to yield highly pure benzoic acid was the 
hydrolysis of carefully distilled benzoyl chloride. Two lots of 
benzoyl! chloride were used in this work. A portion of lot 1 was 
hydrolyzed in the vapor phase at about 100° C. Benzoyl! chloride was 
brought into the reaction chamber by passing a stream of nitrogen 
through the liquid at the desired rate. An excess of water vapor 
was simultaneously passed into the reaction chamber, which served to 
continuously wash benzoic acid from it and thus to minimize the 
possibility of secondary reactions. Hydrolysis of a second portion 
of lot 1, in the liquid phase, proceeded very rapidly when the substance 
was treated with an excess of water and heated to about 115° C. Each 
product was crystallized seven times from water. The purity of each 
was 99.996 mole percent. Since vapor-phase hydrolysis is slow and 
since there was no measurable difference in the purity of the products 
obtained, a portion of benzoyl chloride from lot 2 was hydrolyzed in 
the liquid phase. The product was not recrystallized from water; 
hydrogen chloride and water were removed by passing dry air through 
the liquid. The product so obtained was 99.999 mole percent pure. 


2. BY PURIFICATION OF A COMMERCIAL PRODUCT 
(a) DISTILLATION 


An unsuccessful attempt was made to purify Standard Sample 39 
by fractional distillation in an evacuated bulb in which the distillate 
collected as liquid (at about 123° C). One-fifth of the distillate was 


10 Commercial benzoy] chloride was distilled under the supervision of F. D. Rossini. The substance was 
twice distilled in a 30-plate bubble-cap still under 215-mm pressure to minimize the possibility of thermal 
decomposition. The still was charged twice with 2,500 ml of benzoy] chloride, and each time about 1,200 ml 
was collected as the middle fraction. The combined middle portions, lot 1, were redistilled and about 1,500 
ml] collected, rejecting about equal quantities of the first and last fractions. This 1,500 ml (lot 2) distilled 
at about 150° C, with a range not greater than 0.2° C, the limit of sensitivity of the thermometer. 
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then distilled into a second receiver in the same way. A comparison 
of the freezing ranges of these three fractions showed no improvement 
in purity in the middle fraction and a slight decrease in the end frac- 
ions. Evidently the impurities in the original material did not differ 
enough in vapor pressure from benzoic acid to be removable by a 
simple process of distillation. In view of the difficulties of operating 
an efficient rectifying column at low pressures, above the melting 
point of the acid (122.4° C), this method was abandoned. 

BE. R. Weaver of this Bureau has suggested that sublimation in a 
partial vacuum would be more successful than distillation, provided 
the temperature of condensation (in the solid phase) were properly 
regulated and the vapor space ventilated so that the vapor phase 
would never become saturated with any of the impurities. In view 
of the success of other methods of purification this procedure was not 
tried. 

(b) FRACTIONAL FREEZING 


Fractional crystallization can be accomplished either with or with- 
out the use of a solvent. The latter method, fractional freezing, was 
suggested by the use of the freezing range as a criterion of purity. 
This method was first applied by allowing the molten acid to freeze 
rather slowly in a Dewar flask (method 1). Solid and liquid were 
kept thoroughly mixed. When the substance was one-half to two- 
thirds frozen, the remaining liquid was drawn off by suction. The 
solid portion was then remelted and the process repeated. The 
increase in purity which resulted from the use of this method was 
somewhat slower than was expected. This indicated that a satis- 
factory approximation to equilibrium freezing was not realized or 
that the crystals could not be properly drained. The head fraction 
had an estimated purity of 99.998 mole percent. 

A different method of fractional freezing (method 2), used by 
R. S. Jessup, of the Heat Measurements Section, was more successful. 
He lowered a glass tube containing the molten material (39e) very 
slowly from a heating coil. Freezing began at the bottom of the cell 
and progressed upward until the whole mass was frozen. The 
portion remaining liquid was stirred constantly. About 50 grams was 
frozen in 6 hours. ‘The glass tube was cut so that the last portion 
of the solid to freeze (one-third to one-fourth) was discarded. The 
process was then repeated with the remainder. Purification by this 
method was more effective than by the first method of fractional freez- 
ing. The purity of the best preparation exceeded 99.999 percent. 
The substance was allowed to freeze very slowly and nearly ideal 
conditions for separation were evidently obtained. 


(c) CRYSTALLIZATION FROM SOLVENTS 


_ In recrystallizing benzoic acid from solvents, ethyl alcohol, which 
is sometimes recommended for this purpose, was found unsuitable 
because ethyl benzoate is readily formed. Water and benzene are 
satisfactory, with a slight apparent advantage in favor of the benzene 
in the rate of purification by successive batch recrystallizations. 
The benzene was carefully purified by distillation in a highly efficient 
rectifying column. In each case the solvent was saturated with 
benzoic acid at about 100° C, the solution cooled in the usual way 
to about 15° C, and the recrystallized acid separated on a fritted 
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glass funnel. One hundred grams of a saturated aqueous solution 
contains 0.25 g of benzoic acid at 15° C and 5.9 g at 100° C; 100 o 
of a saturated solution in benzene contains about 7 g of benzoic acid 
at 15° C and about 78 g at 100° C." 

Benzene is a more convenient solvent but not as readily available 
in high purity as water. The results in table 2 show that purification 
under the conditions which were maintained in these experiments was 
more efficient from benzene than from water. 

After favorable experience with batch recrystallization, an apparatus 
was built for continuous recrystallization combined with extraction.” 
The apparatus, shown in figure 1, was essentially an elongated U-tube 
occupying the full height of the laboratory (about 10 feet), with 
condenser connecting the upper ends of the two arms. An enlarged 
part near the bottom of the larger arm of the U served as a container 
for the solid benzoic acid. A fritted glass disk, sealed in place near 
the bottom of this container, supported the crystals. The funnel- 
shaped part of the apparatus below the disk was designed to minimize 
channeling. The solvent (benzene was used in the work here de- 
scribed) was introduced by suction into the small arm through the 
solvent inlet and circulated by gravity. The solvent was saturated 
at room temperature by dissolving benzoic acid from the bottom of 
the crystalline mass supported on the fritted disk. Light tapping 
caused the remainder of the crystalline mass to settle as this process 
went on. Solvent was added until the saturated solution reached the 
desired level in the boiler. The liquid level in the two arms was not the 
same because of the difference in density of pure solvent and saturated 
solution; however, the arms above the boiler were long enough to com- 
pensate for this difference. An electric heating element served to warm 
the boiler, from which nearly pure solvent distilled through a water- 
cooled condenser into the opposite arm of the apparatus. Evaporation 
was allowed to proceed at a regular rate while crystals separated in or 
just below the boiler. Thecrystalsfellslowly through about 180 cm of 
the saturated solution and settled on the mass of solid already retained 
on the fritted disk. During this process the crystals were purified by 
washing and exchange (reaction) in a solution that was less concentrated 
with respect to the more soluble fraction than the solution in the boiler 
from which they separated. An inlet near the top of the container 
for the solid permitted the passage of a slow current of air up through 
the extractor arm, which was necessary to keep the crystals agitated 
and to prevent clogging. The air was saturated with benzene at room 
temperature to prevent loss of solvent by evaporation. When the 
apparatus was operated at atmospheric pressure, satisfactory sep- 
aration of crystals did not occur. It was found by trial to operate 
properly under a pressure of 215mm. A receiver was connected with 
the boiler by a tube which was fitted to the extractor arm through a 
ground joint. Each time after the entire charge of benzoic acid had 
been dissolved and recrystallized in the apparatus (at the end of each 
cycle), a portion of solution was removed from the boiler; and thus a 


ll Atherton Seidell, Solubilities of Inorganic and Organic Compounds, ed. 2, p. 133-135 (D. Van Nostrand 
Co., New York, N. Y., 1919). 

12 F, W. Rose, Jr., of the American Petroleum Institute Project 6 at the National Bureau of Standards, 
made many helpful suggestions in the design and application of this method, which is an adaptation to solid 
material of the Fenske reflux extractor. (M. R. Cannon and M. R. Fenske, Ind. Eng. Chem. 28, 1035 
(1936). 
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Figure 1.—Apparatus for continuous recrystallization. 
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charge could be divided into as many fractions as desired, varying 
from the most soluble to the Jeast soluble portions of the material 
Each fraction was cooled to 15° C, and the crystals which formed wer, 
filtered from the mother liquor. Separation per unit crystallization 
was not as good in this apparatus as that obtained by batch crystal. 
lization. This was probably caused, in part, at least, by channeling 
and diffusion, which prevented ideal separation. 


V. RESULTS AND DISCUSSION 


The estimates of purity of the preparations discussed in the fore. 
going paragraphs, together with others obtained in the course of this 
work, are collected in table 2. For a number of these, the purity was 
estimated both from the free zing range and from measurements of 
the apparent specific heat of the solid near its melting point. 


TABLE 2.—Purity of various preparations of benzoic acid 


Purity (mole percent) 


Preparation | 
|From freezing} 
range 


From 
| specific-heat 
measurements 





Standard Sample 39f...............-...._-.- — oe See: ; |. ee 
Standard Sample 39e: | 
Untreated - = ett 99. 983 
Recrystallized 4 times from water_...._...._.--..-__- esha re 8 99. 99 
Recrystallized 8 times from water eo ee Oe ee 99. 995 
Recrystallized 4 times from benzene----______-- ueeceee er _ 
Recrystallized 8 times from benzene- ---...--__-_-- eckawicne uns | 99. 999 


Recrystallized from benzene in extractor: 
(a) First cycle -- Se 99. 942 
99. 995 | 
(c) Composite 9th, 10th, 11th cycles 99. 996 | 
(d) Composite 13th and 14th cycles_- aa 99. 998 
After fractionally one three times ne method 1: 
(a) Head fraction_--__- Fare Se an aaa 99. 998 
i aI re ae ee oo asi Sainunueu mews sEececonee ® 99. 950 
After fractionally freezing =" method 2: | 
(a) Once frozen___.-.----- ‘ 
(b) Twice frozen 
Heated at 200° C for 72 hours: 
ODO 7a 
(b) Ina vacuum. Racin wea kecmeweaee x of Beciet 
(c) In oxygen_- Ssattgncaidetuibe (a ere : ate 99.953 |___- 
Hydrolysis of benzoyl chloride: | 
Fraction 1: 





(a) Scanian Ee eee ete 


(b) Liquid-phase hydrolysis 
Fraction 2: ¢ 
(a) Liquid-phase hydrolysis 
Oxidation of purified toluene 4 


99. 996 |.._- 
® 99. 996 


99. 999 


99. 980 | 


® These values were obtained by an earlier me thod and are not as accurate as the other results. 

b Original product was recrystallized from water 7 times. 

° Original product was not recrystallized; hydrogen chloride and water were removed by passing dry aif 
through the liquid. 

4 Original product was recrystallized from water 4 times. 





It will be seen that the best preparations obtained by crystallization 
from benzene, by hydrolysis of benzoyl chloride, and by fractional 
freezing are of substantially equal purity, as estimated from the freez- 
ing range, and that any of the three methods can be used to prepare 
benzoic acid of sufficiently high purity to meet very exacting require- 
ments. In using the substance two circumstances must always be 
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taken into account. One is that it is notably hygroscopic in the liquid 
phase and the other that formation of anhydride occurs, very slowly, 
at temperatures near the melting point of the acid if the atmosphere 
in contact with it is very dry (much drier than is ever encountered 
without intentional and thorough drying). 

A valid objection may be raised to the use of the freezing (or melt- 
ing) behavior as a criterion of purity for a substance purified by frac- 
tional freezing. Quite apart from the fact that the freezing range of 
the substance purified by fractional freezing was substantially equal 
to those of the best preparations obtained by crystallization from 
benzene and by hydrolysis of benzoyl chloride, the temperature at 
any given stage of freezing was identical for the three preparations, 
within the reproducibility of the measurements (about 0.002° C).% 
This is independent evidence that these three preparations were iden- 
tical in composition, and hence were pure substances rather than 
mixtures of the rare type that has a constant freezing point. 

A brief comment on the freezing point of benzoic acid may be 
desirable. Estimation of purity from the freezing range is based 
entirely on sufficiently precise measurement of differences in tempera- 
ture, rather than on any exact knowledge of the actual temperatures 
of freezing. Since the freezing point of benzoic acid was not of direct 
interest in the work reported in this paper, the resistance thermometer 
and bridge were not kept under calibration in a manner to permit 
recording absolute freezing temperatures to 0.001° C, although differ- 
ences in temperature of about 0.0001° C during freezing were regarded 
as significant. Further, the measurement of a freezing range involves 
the withdrawal of heat at a rate rapid enough to cause the observed 


temperature to differ somewhat from the true temperature of equilib- 
rium between the liquid and solid phases. These considerations limit 
the accuracy with which the freezing point of benzoic acid can be 
reported on the basis of the work with which this paper is concerned. 
The value tentatively assigned is 122.36 +0.01° C. 


WasHINGTON, September 27, 1940. 


The average deviation was 0.002° C and the range was 0.005° C. The freezing temperature of the 
product obtained by fractional freezing fell between that of the other two. 
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EFFECT OF COMPOSITION AND OTHER FACTORS ON THE 
SPECIFIC REFRACTION AND DISPERSION OF GLASSES 


By John C. Young and Alfred N. Finn 


ABSTRACT 


Seven of the better known specific-refraction ratios were examined for their 
comparative applicability to glass. It is shown by a comprehensive statistical 
treatment of available data (including many new data) that, of these ratios, 
only the Gladstone-Dale possesses to a satisfactory degree each of the following 
desirable features: (1) It varies linearly with chemical composition and with the 
square of the wave number of the incident light; (2) for a given composition and 
wavelength of light, it is substantially the same for both the vitreous and crys- 
talline states; and (3) for the vitreous state, it is independent of thermal history. 
Gladstone-Dale factors for 47 oxides as constituents of glass (and corresponding 
factors derived from nonglassy substances) are given. These factors are shown 
to be related to the periodicity of the elements. Specific dispersion factors, 
useful for computing the dispersion index, or »v-value, of a glass are given for 
32 oxides. 
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I. INTRODUCTION 


Many attempts have been made to link the refractive index and 
density of a substance in such a way that the proposed relationship, 
frequently called specific-refraction or specific-refractive power, would 
possess, among other features, the following: (1) It would be constant 
for a given substance and wavelength of light when certain other 
conditions are varied; (2) it would bear an additive relationship to 
the chemical composition of a substance and vary linearly with some 
simple function of the wavelength of light. A great deal has been 
written on the subject in its application to gases and liquids since 
Gladstone and Dale developed their well-known theorem [1].!_ Larsen 
and Berman [2] determined the Gladstone-Dale ratio for hundreds 


' Numbers in brackets indicate the literature references at the end of this paper. 
i=4 9 
Ue 
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of minerals and calculated factors for the constituent oxides. But 
in the field of glass technology, despite the apparent wealth of data 
similar work has been confined to a very few of the commoner oxides, 
Morey and Merwin [3] calculated specific-refraction factors for soda- 
lime-silica glasses, using the Gladstone-Dale and other proposed 
formulas. More recently Wulff and Majumdar [4] applied the 
Lorentz-Lorenz formula to a few soda-—boric-oxide glasses, while 
Biltz and Weibke [5], using principally the data of others, calculated 
Gladstone-Dale factors for Na,O, K,0, CaO, B.O3, and SiO,.. Randall 
and Gee [6] utilized the Lorentz-Lorenz ratio in connection with atomic 
size for calculating the refractive index of glasses containing PbO 
in addition to the oxides just enumerated. Still more recently, Kordes 
[7] studied the variation in the Lorentz-Lorenz ratio of glasses with 
composition; he obtained some data on glasses in the binary systems 
PbO-B,O;, ZnO-B,O;, CdO-B,O3, PbO-SiO2, and PbO-P-2O;, and ex- 
pressed his results by some rather complicated empirical equations. 

The results of none of these investigations, however, have a general 
application, owing to the limited fieldsof composition studied. It was 
the purpose of the present research, therefore, to determine, by a com- 
prehensive statistical study of all available data, how a number of 
the proposed specific-refraction relationships apply, under a variety 
of conditions, to glass and glass-forming materials. ; 

The specific refraction (R) type ratios considered are: 
7D ; Gladstone-Dale [1] 
n’?—1 1 


——.-— Lorentz-Lorenz [8, 9 
n°+2D . [8, 9] 


log n 


D 


Lichtenecker [10] 


n*—1 1 a 
Sibi {tykman [11] 


Newton [12] 


Johst [13] 


Edwards [14] 


In these formulas, n and D are refractive index and density, respec- 
tively. Unless otherwise stated, n is for sodium light. 

The variables considered, which might influence the various specific 
refraction ratios of a glass or oxide, are changes in (1) chemical com- 
position, (2) heat treatment, (3) vitreous and crystalline states, and 
(4) wavelength of light. 

No data are presented here on the effect of temperature on the 
different type ratios. It is a well-established fact [40] that, whereas 
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the density of a glass decreases continuously with rising temperature, 
there is usually a corresponding decrease in the refractive index only 
in the rapid-expansion range. Therefore, for most glasses, none of 
the type ratios could remain constant or vary linearly with increasing 
temperatures, except possibly for certain limited temperature ranges. 


II. SOURCE MATERIAL 


The data on glass herein considered were collected from many 
sources, references to which are given at the end of this paper. Refer- 
ences not specifically mentioned in the text are indicated in tables 2 
and 8, under the heading “Source of glass data.”’ 

The symbol ‘‘s” in tables 2 and 8 refers to unpublished data on 
certain of the more unusual oxides incorporated in glasses made 
especially for this study. For each of these glasses, one of the special 
oxides was added to a parent glass having the composition 71.5 percent 
of SiO,, 18.3 percent of Na,O, and 10.2 percent of CaO (weight per- 
centages), the amount added varying with the different glasses of a 
given series up to the maximum percentage indicated. All of these 
glasses were made from materials of known composition, but only the 
glasses containing Rb,O, Cs,0, ThO,, and ZrO, were analyzed. 
~ The symbol ‘‘w’’ in the tables refers to unpublished data obtained 
at this Bureau on a wide variety of glasses containing only the more 
common oxides. Nearly all of these glasses were analyzed. 

The symbol ‘‘g’”’ in the tables refers to some data on natural glasses, 
the compositions of which are given by Washington [37], and the 
corresponding densities and refractive indices by George [38]. 

The data on crystalline and liquid compounds are taken almost 
exclusively from the International Critical Tables [36]. 


III. CORRELATION OF THE DATA 
1. CHEMICAL COMPOSITION 


To determine the relative degree of linearity of the relationship 
between chemical composition and the various type ratios, two series 
of binary glasses were first studied, a series of 51 soda-silica, and a 
series of 35 potash-silica glasses, whose densities (but not the cor- 
responding refractive indices) and compositions have been reported 
recently by this Bureau [15]. Figure 1 shows the results obtained 
by plotting the specific refractions of the glasses in each series, as 
computed from the seven type formulas previously mentioned, against 
the composition (silica content) of the glasses. The individual specific 
refraction values, R, for these two series of glasses, together with those 
of 60 additional glasses containing all three of these constituents 
(Na,O, K,0 and Si0,) [15], were used to determine, by a least squares 
solution, the unknown constants of the equation. 


R=1/100(rapatrspetrePs); [1] 
for each of the type ratios (except the Newton and the Edwards). 


The p’s are the weight percentages of silica, A; soda, B; and potash, E, 
respectively, and the 7’s are constants which may be considered as the 


269047—41——-10 
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specific refraction factors of the respective oxides. In each solution 
the respective factor for silica, r4, was considered as “known’’, and 
was obtained from the most probable values of the refractive index 
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FiaurE 1.—Relation between specific refraction (R), calculated from the various 
formulas and compositions, for a series of soda-silica and a series of potash-silica 
glasses made at the National Bureau of Standards [15]. 





and of the density of vitreous silica [18], that is, 1.4585 and 2.2026, 
respectively. The results of these calculations are shown in table 1. 


TABLE 1.—Values of constants for eq 1, and average deviation between observed and 
calculated specific refractions (R) for 146 soda-potash-silica glasses 





Average 
percentage | Average 
iati iation 
Type ratio (R) —" — 
observed of np 
R’s 





0. 19365 ’ 0. 00025 
. 11025 ; ; - 0006 
06584 7 F - 0007 
. 25123 ; ‘ - 0004 
. 08533 ‘ d - 0007 


























Yound) Specific Refraction and Dispersion of Glasses 763 


Finn 


It is evident from table 1 that the average percentage deviation 
for the Gladstone-Dale ratio is about two-thirds that for the Eykman, 
and about half those for the Lorentz-Lorenz, Lichtenecker, and Johst 
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Fiaure 1.—(Continued) 


ratios. Moreover, the deviations for the latter four type ratios 
appear to be highly systematic (as shown in part by fig. 1),? while 
the “average deviation in terms of np” is sufficiently small to be 
comparable to the experimental error in refractive index (about 
0.0002) for the Gladstone-Dale ratio only. Although the average 
percentage deviations shown in table 1 are somewhat less than those 
found by Morey and Merwin for a series of soda-lime-silica glasses 
(they did not consider the Johst ratio), the values of the constants 
for the soda-silica glasses, and the relative ‘goodness of fit” of the 
straight lines for the various type formulas, are in good agreement 
with the findings of those investigators. 


? The straight lines were drawn in figure 1 merely to show visually the departure of the plotted points 
from linearity and have no connection with the constants given above. 
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No similar computations were made for the Newton and the Ed. 
wards type ratios for, while there may be some justification for fitting 
straight lines to the points of the potash-silica data, an inspection of 
the respective graphs for the soda-silica glasses shows rather decj- 
sively that these ratios are not linear with composition. Indeed. 
it is worth noting that the plots for the Edwards ratio bear a striking 
resemblance to those recently presented by this Bureau, illustrating 
for the same binary systems the relation between specific volume and 
composition [15]. The percentage change in specific refraction per 
unit silica content, however, is less for the Newton ratio than for 
any of the other ratios studied. 

From these preliminary data, therefore, it appears that only the 
Gladstone-Dale ratio affords a fit sufficiently close to a linear rela- 
tionship to justify its application to glasses of a wide variety of compo. 
sitions. Accordingly, with the foregoing constants serving as a 
basis, the Gladstone-Dale specific refraction factors, r, for many 
other oxides as constituents of glasses, were calculated statistically 
from the available data to fit the following general expression (simply 
an extension of equation 1): 


R=1/100(rapat rpPapt ier ae a (2) 


The values of the factors thus determined for the different oxides 
are given in table 2, column 4. Many of these factors were evaluated 
from a composite body of data drawn from more than one source. 
Preliminary study had shown that, regardless of what oxides were 
present in the different glasses or what the thermal histories of the 
glasses were, data from different sources did not yield significantly 
different values of the Gladstone-Dale factor for a particular oxide. 
The completed equation, therefore, appears to hold for glasses of 
greatly differing compositions and also for pure vitreous silica and 
germania, whose specific refraction values are known from measure- 
ments on the oxides themselves. 


TaBLE 2.—Specific refraction factors of some oxides as occurring in glasses and 
crystals 





Glass | Crystal 





Maximum | r Number of r F ov date 
percent- | (Gladstone- DP |\(Gladstone-| (Lorenz- 


age ® Dale) — Dale) Lorentz) 


| of glasses | 
| containing 
| oxide 


| 





Oxide Number | 
| 


| 





RSRSSRo 


(24, 25] 
u [33] 
[3, 16, 17] 
u (7, 21, 34) 
u [32] 























See footnotes at end of table. 
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TaBLE 2.—Specific refraction factors of some oxides as occurring in glasses and 
crystals—Continued 


Crystal 


| 
| 





| | Source of 
| r | glass data » 
(Gladstone-| (Lorentz- 
Dale) | Lorenz) | 


‘ | ee | 
Oxide | Number A | r | Number of | 
of glasses ——- (Gladstone-| compounds 
containing pere | Dale) | containing 
- age ® | er 
oxide | oxide 





a) 





who fw: 


Hox03 





Er03. 
Cr03-- 
A 
Fe,03 - er | 
Bo scncaaeat 
Sb303. 


(a 2 
Re hl 
)) 

GeO: . 
Zr03- .- 

Sn0O, 7 

ThOs. 

CeO; 

UO, 


a> 
er BONIS OO ouarko 


eaee@ 


wo 


N:05 bled 
a 




















* Figures in this column indicate for each oxide the maximum percentage reported in the literature referred 
to in column 8; validity of the factor is not necessarily confined to such maximum. _ : 

b Numbers in brackets indicate references at the end of this paper; s indicates unpublished data on special 
glasses made at this Bureau (see section II); w indicates other unpublished data obtained at this Bureau; 
dey ony data from natural glasses [37, 38]; all crystal data are from International Critical Tables. 

° Pure oxide. 

4 From Larsen and Berman [2]. 
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The most discordant data are those involving B,O;; the various 
measurements on the pure oxide give an average value for 7 of abou 
0.250, whereas the value obtained from glasses containing B,O, as q 
constituent is 0.236. The latter value may be more nearly correc; 
than the former, because the difficulties of obtaining anhydroy; 
glasses containing B,O; seem to increase with increasing percentages 
of B.O;, and any water present would tend to increase the specific 
refraction, since the factor r, for water is 0.345. Similarly, the effect 
of water on glasses containing P,O; may lead to discordant results: 
the factor determined for P.O; in glass is about 0.202, whereas from 
Kordes’ data [7] on some PbO-P,O; glasses, the specific-refraction- 
composition graph curves upward with increasing P,O,; content, attain- 
ing the value 0.225 for a pure P.O; glass. Kordes admitted that his 
reported densities on the glasses of high P.O; content were probably 
too low, and for that reason they were not included in the present 
calculations. Concerning certain other elements as, for instance Fe, 
Tl, and Sb, there is reason for believing that some amount of such 
elements may be present in glass in states of oxidation other than that 
reported. Our own vanadium glasses, for example, although calcu- 
lated to contain V,O;, had the greenish color characteristic of V,O;. 


2. HEAT TREATMENT 


There appear to be very few published data on the effect of heat 
treatment of glass on the resulting specific refraction. The most ex- 
tensive sets of data, involving a wide variation in heat treatment, are 
those of Morey and Merwin on soda-lime-silica glasses [3], and of Too] 
and Tilton on various optical glasses [19]. Statistical analysis of the 
former data shows that, in contrast to the differencesin density of about 
0.27 percent, on the average, between the ‘‘annealed”’ and the ‘‘unan- 
nealed,’’ glasses the corresponding differences in specific refraction 
vary from 0.15 percent for the Edwards ratio, to only 0.04 percent 
for the Newton, and 0.03 percent for the Gladstone-Dale ratios. The 
latter percentage difference is within the stated precision of the respec- 
tive measurements, and the percentage differences for the individual 
glasses are not noticeably related to composition. Similar evidence 
is afforded by the data of Tool and Tilton on optical glasses, as well 
as by some observations made by the authors on a plate glass (unpub- 
lished data), and also by Wulff and Majumdar’s data on a soda-boric 
oxide glass [4]. A résumé of all these data is given in table 3, from 
which it may be concluded that the Gladstone-Dale and the Newton 
ratios show, about equally, the least variation with differing heat 
treatments, whereas the Edwards ratio shows the greatest. 


? The data in the latter paper consisted not of a report of the actual measurements, but of a set of coefii- 
cients derived from such measurements, whereby the refractive indices and densities corresponding to the 
different heat treatments may be calculated for the various glasses if the index and density corresponding 
to some one similar heat treatment are known. When these factors were published they were said to be 
subject to revision as additional data were obtained. The values given in table 3 of the current report are 
based on the latest (but unpublished) factors. In each case the heat treatment applied consisted in chilling 
the glass from a given temperature after approximate equilibrium had been attained. 
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TaBLE 3.—Effect of heat treatment on specific refractions (R) of various glasses 





Optical glasses [19] 


; | | | 
Light | ns | ne | Dense 
barium | Borosili- | Dense | barium 





Medium | _ Light 
in TOW y i 
flint crown earion cate crown flint crown 





| 
| 
| | 
! | 
| | 
| | 

| | 
| 


| 360 to 440 | 460 to 540 | 480 to 560 | 460 to 540 | 360 to 440 
| 
| 1, 5891 1. 5196 1. 5725 | 1. 5165 1, 6548 
| 
| 


y for highest annealing 

emperature used '_------... 3. 3428 2. 4932 3, 1503 | 2. 5242 3. 9218 
Percentage increase for each | 

100 degree C decrease in | | 

annealing temperature: | 

| 

| 


rae. 


| Density- eben a ad 
| Gladstone-Dale 
Lorentz-Lorenz 
R) Lichtenecker ae 
[ON a dnucdGnwcscenanmaent 
fe eae Ee | 
| Johst yn eee | 
{Edwards 
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Cooled 5°C 


Chilled per hour “Quickly | “Slowly “Unan- lu 

| from 660°C | through 
_“‘anneal- 

ing range”’ | 


| 
| / B A B A B 
| 


cooled’’ cooled” nealed”’ Annealed 
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Percentage increase of B over 
is 2 ah oa i 
| Density--- 
Gladstone-Dale---____._.- 
| Lorentz-Lorenz 
R/ Lichtenecker. 
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Eykman 
| Johst 
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| Measurements of np and density made after sample was cooled quickly from annealing temperature. 
See text footnote 3. 
? The composition of this glass is given as 93.2% of BOs and 6.8% of Na:0. 
Figures under this heading represent averages based on the entire series of glasses. 


3. VITREOUS AND CRYSTALLINE STATES 


(a) OXIDES 


' Assuming a linear relationship with composition, as in section III-1, 
| the Gladstone-Dale ratios for 60 oxides were calculated from the data 
on about 400 crystalline oxides and compounds reported in the 
» International Critical Tables. The compounds considered were only 
» those consisting of two or more of the oxides listed in table 2, and for 
| convenience will be referred to as “‘oxide-compounds.”” The refractive 
- index used for each compound was the mean index for the crystal 

) (that is (2w+e)/3 or (2+6++)/3), but in general the data were not 
" used for crystals whose birefringence exceeded 0.04 in refractive index. 
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The data on more than 200 of these compounds, containing one o; 
more of 20 of the commoner oxides, were treated separately from th, 
main body of data, and the individual factors, 7, for these oxide 
determined simultaneously by the method of least squares. The 
number of compounds containing each oxide varied from 8 for (o() 
to 128 for H,O. The available experimental data on the pure oxides 
were included, but they were not weighted differently from the dat, 
on the compounds containing these oxides. The factor for each of the 
oxides not included in this solution was determined from the averagp 
contribution of that oxide to the specific refractions of all the com. 
pounds containing only that oxide in addition to other oxides whose 
factors were already evaluated. 

The results obtained are given in table 2, column 6. The agree. 
ment between these values and those reported by Larsen and Bermay 
[2] is very good, whereas the average deviation between calculated and 
observed specific refractions (about 2.5 percent) appears to be some. 
what lower than theirs. The number of significant figures given in 
table 2 for the different oxide factors varies from two to four, and 
represents a rough estimate of the precision of the factors; each factor 
is thought to be precise within two or three units in the last decimal 
given. Although most of the factors are given to three decimals, it 
is difficult to estimate the accuracy of any one of these factors since 
the accuracy depends, among other things (and in some cases in an 
unknown manner), upon (1) the reliability of the physical measure- 
ments, (2) the amount of birefringence of an individual compound, 
(3) the percentage of the oxide in the compound, and (4) the number 
of compounds used in evaluating the factor. Each of these items 
varies considerably from one compound to another. 

Although, as indicated in section III-1, the relation between con- 
position and the Lorentz-Lorenz ratio does not appear to be linear 
for glasses, a computation similar to that just outlined for the Glad- 
stone-Dale factors was made nevertheless to determine the Lorentz- 
Lorenz factors for each of the original 20 constituent oxides. This 
computation entailed merely the substitution of the appropriate 
Lorentz-Lorenz values in the left-hand members of the 20 normal 
equations previously set up for the Gladstone-Dale ratio, and _per- 
forming the necessary numerical operations. The factors thus found 
for these oxides are given in table 2, column 7. It was found, hov- 
ever, that the average deviation between the observed and the calcv- 
lated values for the Lorentz-Lorenz ratio was over 7 percent, which 
is almost three times that for the Gladstone-Dale ratio. Moreover. 
in most cases the Lorentz-Lorenz oxide-factors obtained by solving 
the normal equations are considerably different from the correspon¢- 
ing values for the pure oxides—a further evidence that the Lorentz- 
Lorenz specific-refraction—composition relationship is not linear. 
The foregoing calculations for the Lorentz-Lorenz factors were made 
principally because this type ratio is widely favored for a variety 0! 
purposes, and for certain limited applications has some theoretical 
foundation, but no similar computations for the other type ratios 
were attempted. 
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It should be noted from table 2 that in most cases the Gladstone- 
Dale factor, 7, for an oxide in a crystalline compound, is not markedly 
different from that of the same oxide as a constituent of glass. A 
partial explanation for most of the large discrepancies found has 
already been indicated in section IIJ-1. Concerning observations on 
the pure oxides, refractive index and density data for both the crystal- 
line and vitreous state appear to be limited to those on SiO», and these 
data are accordingly reported in table 4, together with the correspond- 
ing values for all the type ratios studied. Table 4 indicates that the 
Gladstone-Dale ratio is substantially the same for both vitreous SiO, 
and the various modifications of crystalline SiO,. Moreover, as 
between quartz and vitreous silica, the order of placement (by per- 
centage difference) of the various type ratios is about the same as 
that found for heat treatment of glasses—least for the Gladstone- 
Dale ratio, greatest for the Edwards. It might be mentioned in 
passing that this correspondence is not surprising, since the different 
states might be regarded in a sense as the outcome of different “heat 
treatments.’ 


TABLE 4.—Specific refractions of vitreous and crystalline SiO, 


| Specific refraction (R) 





Den- | 


ND sity 


Lorentz-| Lichte- 
Lorenz | necker 


| 
| 

Newton |E ykman| Johst 
| 





A) Vitreous silica _--_-- ; . 208 0.1240 | 0.0744} 0.5117] 0.275: 0. 0943 
B) Triaymite......... 1.4 : . 208 - 1234 . 0740 . 5137 . 2747 . 0940 | 
C) Cristobalite__..-_-- 2. 33 “a . 1238 . 0741 . 5208 - 2761 | . 0944 
Le > a y . 206 . 1197 .0715 - 5257 | .2700 | .0920 | 
Percentage increase of | | 

(D) over (A) }. , i —3.5 —3.9 




















(b) ELEMENTS 


Thus far the oxide has been taken as the basic unit for a glass or 
compound, Assuming that the specific refraction (Gladstone-Dale) 
of a compound is an additive function of the specific refractions of its 
constituent elements, the atomic refraction, mr’, for each of the various 
elements was evaluated statistically to fit the formula, 


MR=n mf,’ tnmMyr,’ + .... (3) 


For each compound, M and R are the molecular weight and specific 
refraction, respectively, and m, n, and 7’ are the atomic weight, num- 
ber of atoms, and specific refraction factor (“‘element-factor’’) of each 
of the elements a, b, etc., occurring in the compound. The data used 
were derived from about 300 miscellaneous crystalline and liquid com- 
pounds, including halides and metal-organic compounds, listed in the 
International Critical Tables, and for convenience will be referred to 
F as “miscellaneous compounds”’; but none of those described above as 
» “oxide compounds”’ was included. The values of atomic refraction, 
mr’, thus found are given in table 5, column 4. 
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5.—Altomic refraction factors (mr’) 





Atomic refraction factors (mr’) 
EI 
Serial | element 
Valence group | — From mis- | | average glasses 
| cellaneous | pounds” | from all (table 2 
a 9 as 
compounds * | (table 2, compounds s« | 0.4 
col. 6) | | O=25 


| 
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| 
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* Numbers in parentheses after factor indicate number of compounds used in evaluating that factor. 
b From oxide values given by Larsen and Berman [2]. 
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TABLE 5.—Atomic refraction factors (mr’)—Continued 





| 
| Atomic refraction factors (mr’) 
| | 
| | From | 
“oxide 
From mis- com- | Weighted 
cellaneous | pounds’| average 
__| compounds | (table 2,| from all 
| col. 6) | compounds | 
| O=2.50 





Serial 
Valence group num- | 
ber | 

















The condition that the various element factors do not change for 
different valencies was, of course, implicitly assumed in deriving these 
values. Since it has long been known that such an assumption is 
not valid for every type of material, a careful comparison of the 
observed and computed specific refractions of the individual com- 
pounds was made for the purpose of revealing any systematic devia- 
tions which might reasonably be ascribed to valency. Some tend- 
ency toward systematic deviation between observed and computed 
specific refractions was found for compounds containing long-series 
elements (A-subgroups) of the periodic system, but the results of 
the search were not on the whole conclusive, considering the probable 
accuracy of the observations. On the other hand, a rather close 
agreement was found between the atomic refraction factors, mr’, as 
evaluated for eq 3 and those calculated directly from the oxide factors 
previously determined (either glassy or crystalline), by applying, in 
every case, the value 2.5 for the atomic refraction of oxygen. For this 
comparison see table 5. It should be stated, however, that of the 
many compounds involved in the determination of the atomic re- 
fraction factors, less than 10 percent contained elements of the 
A-subgroups (long-series elements), so that the computations are 
heavily weighted in favor of the B-subgroups (short-series elements). 
Therefore, granting that the factors might vary with the different 
valencies, the data available are too few for demonstrating such a 
difference by the present method. 


4. WAVELENGTH OF LIGHT 


All specific-refraction values considered up to this point have been 
based on the refractive index for sodium light only, but the methods 
of analysis used may be extended to include data involving other 
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wavelengths. The most complete data available on a glass-forming 
material for correlating specific refraction with wavelength, \, are 
those on the refractive index of vitreous silica for various wavelengths 
from 0.1855 to 0.7948 micron [18]. A plot of R against the square 
of the wave number, 1/A?, (a modified application of the Cauchy dis 
persion formula) givés, within very narrow limits of error (expressible 
as +0.0001 in refractive index), a straight line from about 0.3000 to 
0.7000 micron for each of the seven type ratios. For many of the 
soda-lime-silica and soda-potash-silica glasses made at this Bureay, 
the refractive indices have been measured (but not yet published) 
for the four wavelengths 0.4358, 0.5461, 0.5893, and 0.6708 micron, 
The Gladstone-Dale ratio for each of these wavelengths was accord- 
ingly correlated with composition, following the same system of com- 
putation used in section III-1, and the four factors, r’s, thus obtained 
for each of the oxides, Na,O, CaO, and K,O, as constituents, were 
plotted as functions of 1/A*. As in the case of the R for vitreous 
silica, these factors were found also to be linear functions of 1/)? 
within the limits of the data, that is, for each oxide, r=a+8 (1/?),\ 
being expressed in microns. Table 6 gives the values thus obtained 
for the constants (a’s and £’s) for all four oxides in the expression 


R= (a4+Ba.1/*) pat (apt Bp.1/*) pat cee (4) 


For the same reason stated in section III—1, no attempt was made to 
obtain similar values of a and 6 for the other type ratios. 


TABLE 6.—Values of constants for eq 4 


Na3O0 | K;0 | CaO 





| | 
| 0.20355 | 0.18610 | 0.19540 | 0.21715 | 
001595 | 00262 | 00222 | ©. 00287 | 


IV. RELATION OF THE GLADSTONE-DALE RATIO TO THE 
PERIODIC ARRANGEMENT OF THE ELEMENTS 


Larsen and Berman [2], in their work on the specific refractions of 
the oxides in minerals, stated that there was a tendency for the 
specific-refraction values in each group to decrease as the molecular 
weight increases, but that there are many exceptions. It is found 
that the oxide factors obtained for glasses behave in a similar manner; 
the exceptions referred to, however, are merely apparent, and may be 
removed if the data are plotted as in figure 2. In this figure each of 
the oxide factors r, obtained from the glass data (or from crystalline 
materials where the former were not available) is plotted, for the 
different valence groups, against the ‘serial number” of the basic 
element of the oxide. The respective plots show that there is a definite 
downward trend of the points as the serial number increases, with the 
qualification, however, that the points of each group first divide them- 
selves into two subgroups which correspond to the long-series, A, and 
short-series, B, classification of the elements. 
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Following this classification, the element factors, mr’, as given in 
table 5, were then plotted as shown in figure 3, making separate 
oraphs for the A and B elements. It appears from the graph that 
in general, the B-elements fall into a consistent periodic pattern‘: the 
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FicurE 2.—Relation, by valence groups, between Gladstone-Dale specific refraction 
factors for the oxides and the periodic arrangement of the elements. 


Factors from glasses are indicated by O; and those from other materials by +. 


points for each valence group fall on approximately a straight line 
passing through the origin, the slopes of the different lines increasing 
proportionately with the group number. 
Specifically, 

mr’ =0.280S(G+5), (5) 


inwhich S and @ are, respectively, the serial- and valence-group 
number of a given element. 
‘ The only values which do not appear to conform to this pattern are those for Cu, Ag, 8,and Se. These 


—— have been omitted in the plot, but there is no readily apparent reason why they should be excep- 
ional. 
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FicurRE 3.—Relation between Gladstone-Dale atomic refraction factors (mr’) of 
various elements and the positions of the elements in the periodic system. 


Valence groups are indicated by roman numerals. Factors from glasses are indicated by O, and those 
from other materials by +. 
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The elements of the A-subgroups, on the other hand, do not give a 
plot similar to that for the B-subgroups. Neither an orderly relation 
between the different lines, nor the significance of the differing inter- 
cepts is easily discernible. The plotted values for these elements are 
shown in figure 3, graph A. For the rare earth elements, the value 
for La only is plotted, as the values for all the rare earth elements are 
essentially the same. 

The atomic refraction factors, plotted in figure 3, were originally 
evaluated on the assumption that they did not vary for different com- 
binations of the elements. Since, however, such an assumption may 
not be justified, it was decided to study the oxide factors themselves. 
So the latter factors, r, as given in table 2, were first reduced to “unit 
oxygen” by multiplying each r-value by the quantity M/noin which M@ 
and n, are, respectively, the corresponding molecular weight and number 
of oxygen atoms for the oxide. Then for each oxide the value Mr/no 
which may be called “equivalent refraction’’) was plotted against the 
serial number of the basic element of the oxide, with the results shown 
in figure 4. For the 5-elements, a configuration somewhat similar 
to that found for the mr’-values (fig. 3) results, except that the various 
straight lines for the different subgroups, instead of passing through 
the origin, have a common intercept at 2.5. That is, 


Mr/nop=2.5+0.560S(1+5/G). (6) 


Whether by coincidence or not, the intercept is numerically equal to 
the atomic refraction factor, mr’, found previously for oxygen. At 
any rate, assuming the value 2.5 for oxygen, the values of Mr/ny for 
Tl,0,, PbO., and Bi,O; were then calculated from the oxide factors 


previously found (table 2) for Tl,0 (from crystals), and PbO and 
Bi,O, (from glass). The values thus calculated, when plotted in 
figure 4, graph B (points enclosed in parentheses), are found to fit n 
their expected places, and thus the inference concerning the value for 
oxygen seems justified. 

From a similar plot for the A-elements (fig. 4, graph A) it is found 
that, although the points for each subgroup lie on a straight line, the 
intercept is different for each subgroup, the values ranging from about 
3 for subgroup JA to 13 for VA. It might be inferred, therefore, that 
the atomic refraction factor for oxygen would be different for each of 
the subgroups of A-elements, and that for any subgroup the numerical 
value of the factor would equal, at least approximately, that of the 
corresponding intercept, as given by figure 4, graph A. Some con- 
firmation of such an inference regarding the value, or values, thus 
assignable to oxygen is afforded by an independent calculation of the 
atomic refraction factor for oxygen from the oxide factors for different 
states of oxidation of a particular element. For example, from the 
oxide factors (from crystals) for CrO; and Cr,O; (table 2), an oxygen 
' factor of 8.7 is obtained.’ From figure 4, graph A, the corresponding 
value of the intercept for subgroup VIA (Cr, Mo, W, and U) 1s found 
| to be about 9.0. On the other hand, a similar calculation from the 
| oxide factors (from crystals) of As,O, and As,O; gives a value of 2.2 for 

: _— 2(mr’)or+3(mr’)o= (Mr)cry94=152X0.233 


(mr’)or+3(mr’) o= (Mr) cr0,= 100 X0.307 
From which (mr’)o=8.7. 
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Ficure 4.—Relation between Gladstone-Dale “equivalent refraction’ factors (Mr/m 
of various oxides and the positions of the base elements in the periodic system. 


Valence groups are indicated by roman numerals. Factors from glasses are indicated by O, and those from 
other materials,by +-. 
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the oxygen factor, which value corresponds to the intercept 2.5 found 
for all the B-subgroups. But an elaborate check of this nature could 
not be made for glass, since there are as yet no appropriate data on 
glasses containing the several elements in their various states of 
oxidation. 

Considering the two methods of analysis of the data, as shown by 
fiures 3 and 4, the latter method seems definitely the better since the 
apparent anomie alies involving the values for the A-cleme nts may be 
attributed to a varying oxygen factor. In this connection, it should 
be noted that Gladstone and “Dale themselves believed that the specific 
refraction factors of the elements were not constant under all cireum- 
stances, but that the factors were “modified by the manner of com- 
bination’? of the elements. In principle, the second method here 
presented supports this belief, and, at least for the elements as occur- 
ring in glass, would furthermore identify oxygen as having the 
only variable factor, and then only when in combination with an 
A-element. 


V. RELATION OF DISPERSION TO SPECIFIC REFRACTION 
AND TO COMPOSITION 


The most important properties of an optical glass are its refractive 
indices for various wavelengths of light; so imports wnt, in fact, that 
a particular glass is, for most practical purposes, ‘defined’? when its 
refractive index for the D-line (np) and y-value (v= (np—1)/(np—Ne)) 
are specified. The latter quantity is sometimes called optical con- 
stringence, or dispersive index. But neither the refractive index nor 
y-value has been found to be a linear or, appsrently, even a simple 
function of composition for glasses in general.® It, is, therefore, not 
surprising that accurate quantitative information concerning a rela- 
tionship between either refractive index or y-value and composition 
is confined to experimental glasses of comparatively simple compo- 
sition. From a knowledge of specific refraction rel: ationships, how- 
ever, a method for calculating the v-value of a glass from its composi- 
tion may be developed, which appears to hold within practical limits 
of accuracy for glasses of a wide variety of compositions. 

Since, as has been shown above, (n—1)/D is a linear function of 
composition for various wavelengths of light, the quantity (n»—ne)/D, 
which may be called “specific dispersion,” should also vary linearly 
with composition; that is 


Q=1/100(qapataqspat+ ....-), (7) 


where Q is the specific dispersion of a glass, and the q’s are numerical 
constants representing the specific dispersion factors for the con- 
stituent oxides A, B, ete. If, then, eq 7 can be established experi- 
mentally and the factors (g’s) evaluated for a large number of oxides, 


‘ For caiculating v-values of optical glasses from the compositions, Knapp [39] presents an “‘equation’’ 
wherein each constituent oxide is represented by eight constants. 


569047-—41———-] 1] 
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it is comparatively simple to calculate the v-value for a glass contain. 
ing any combination of such oxides from the relationship, 


Mol _k 
ip—Neoc Q’ 


in which #2 is the specific refraction (Gladstone-Dale) of the glass for 
sodium licht. For an oxide. zr, of course, vz is equal simply to r./0- 
but for a glass : e 
_ Tapa +rapet . 

JVaPatQaPat 
in which the numerator and denominator (which are taken from eq 2 
and 7, respectively) must be calculated separately, from the values 
of the respective r’s and q’s. 

Fortunately, a large body of data exists for testing the validity of 
eq 7 for glasses containing the four oxides, SiO,, NazO, CaO, and K;,0, 
Morey and Merwin have reported the refractive indices for the D line. 
the densities, and the partial dispersions (nyg—7c¢) for their soda-lime. 
silica glasses [3], as well as for a series of potash-lime-silica glasses 
[35, p. 397]. The respective specific dispersion factors for the four 
oxides were accordingly evaluated statistically from these data with 
the results shown in table 7. These factors yielded very much the 
same individual deviations between observed and calculated partial 
dispersions (the latter obtained by multiplying the computed specific 
dispersions by the observed densities) as the departures obtained by 
Morey and Merwin from the isodispersion lines which they presented 
graphically. 





(8) 


VGlass 


= 


TABLE 7. 


Specific dispersion factors, g==(ns—n.)/D, for four oxides, calculated 
as constituents of glasses 





Source of data | SiO; Na:0 | K30 Cad 


a aia arate 


qX104 | @gx104 | @Xx104 | x04 
Morey and Merwin [3, 35] | 30.7 | 49.5 42.0 49,4 
National Bureau of Standards !_-.- 30.5 | 49.1 








1 These values derived from eq 4; see text, section V. 


The refractive indices for our own glasses were not measured for the 
particular spectral lines F and C, but since 1/Az—1/AZ=1.91, the 
specific dispersion factors which would correspond to those from 
Morey and Merwin’s data are easily obtained for our glasses from 
the relation g=1.918, the four 8’s having the values given in table 6. 
The latter conversion depends, of course, on eq 4. The factors thus 
obtained, together with those obtained from the data of Morey and 
Merwin, are given in table 7, and it is evident that the agreement 
between the two sets of factors is very good. 

Equation 7 was then extended to include data on glasses of a wide 
variety of compositions. Table 8 gives the specific dispersion fac- 
tors, g, evaluated statistically from available data, as well as the 
dispersive indices calculated from the relation »,=r,/q,, for all of the 
oxides commonly used in making optical glass, and for several other 
oxides not so used at present. 
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TABLE 8.—‘‘Specific aispersion” factors (q) and v-values (=r/q) of some oxides as 
constituents of glasses 





| Number | 
r(from | , v of glasses | Maximum Source of 
ian 108 epevtes glasses | } i £ 0 
Oxide table 2) q (=r/q) | containing | percent * data > 
oxide 





u 

(3) 

[35, p. 397] 
u 


U 


[31] 


[24] 
[33] 
[3] 
{21, 34] 
[32] 
[34] 


(34, 35, p. 374} 


(34] 
[34, 35, p. 393] 


[34 

34 

t35 
100 | 


[18] 
50 | [35, p. 393] 
100 (29) 

18 

10 | 

20 


80 | 71 | 
2 3 | 16 | 
. 134 27 3 | 17 | 
. 142 24 | 10 | 








*)Figures in this column indicate for each oxide the maximum percentage for which dispersion data are 
reported in the literature referred to; validity of the q-factor is not necessarily limited to this maximum. 

b Figures in brackets indicate references at end of paper; s indicates unpublished data on special] glasses 
made at this Bureau (see section II); u indicates other unpublished data obtained at this Bureau. 

¢ This is the value for 100 percent only; for any percentage of B203, ¢X104=0.20X(100+% B20s). 

4 This value holds only through the range 0 to 60 percent of PbO; for higher percentages, g104=0.047 
(%PbO —60)?+-66.0. 


The q-factor for each of the oxides studied, except for PbO and 
B,0;, appears to be constant for any concentration of the oxide. 
The factor for PbO is constant only for percentages of PbO up to 
60, and increases rapidly with the higher percentages. The factor 
for B,O;, on the other hand, varies proportionally with the percentage 
of BO, throughout the entire range 0 to 100 percent. The expressions 
for the g-factors for these two oxides are given in footnotes d and c, 
respectively, of table 8, and appear to hold accurately’ for glasses 
containing any amount of these oxides, as well as for pure vitreous 
BO; [35, p. 370]. 

In general, the substitution of the respective r- and g-factors in 
eq 8 yields v-values whose average deviation from the observed 
values is about 1 percent (approximately +0.5 in »y-value). The 
more accurate the observed data, the better the agreement. For 
instance, for 62 analyzed optical glasses of numerous types, whose 


‘An apparent exception is Pyrex (a heat-resisting glass of the borosilicate type), for which the computed 
»-value is about 4 percent higher than reported values. This discrepancy, however, may result from inade- 
quate data rather than from any inaccuracy in the factors. 
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y-values have been determined with care, the average differene 
between observed and calculated v-values is only about +0.3, whic 
difference is comparable to the experimental error of observations 
made by the Pulfrich method. For glasses containing some of thy 
more unusual oxides, however (such as Cs,0, Ga,O;, Cb.Os;, ete. 
the precision of eq 8 appears to be much lower than that stated 
above, as the factors for such oxides are in most cases based on fey 
glasses or on low concentrations of these oxides. 
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Ficure 5.—Relation, by valence groups, between the computed v-values for the oxides 
in glasses and the periodic arrangement of the elements. 


It is worth noting that the hypothetical »-values for BeO and P.O; 
calculated from their r- and q-factors to be 78 and 80, respectively, 
are the highest of any of the oxides studied. Moreover, the similarly 
calculated v-value for B,O, is greater than 79 for amounts of B,O, up 
to 50 percent. The factors for these three oxides should, therefore, 
be most useful in designing glasses of very low dispersions. 

An attempt was made to determine how the v-values for the oxides 
vary with the positions of the respective elements in the periodic 
system. The data do not appear to be extensive enough at present to 
justify a quantitative correlation, such as that made for the Gladstone- 
Dale specific refraction factors, but qualitatively, from an inspection 
of figure 5, a very striking trend may be observed: the v-values for the 
oxides divide themselves sharply into the A- and B-subgroupings, 
corresponding to those shown above for the Gladstone-Dale factors. 
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With increasing serial number the v-values in the A-subgroups increase, 
whereas those in the B-subgroups decrease. In general, with increas- 
ing group number the converse is true. 


VI. SUMMARY 

The study of the tables and figures here presented indicates that, for 
class and glass-forming materials, only the Gladstone-Dale ratio, 
among the seven specific refraction ratios considered, possesses to a 
satisfactory degree each of the following features: (1) it varies linearly 
with the chemical composition of the material and with the square of 
the wave-number of the incident light (1/A*); (2) with a few exceptions 
it is substantially the same for both the vitreous and crystalline states 
for a given composition; and (3) it is practically independent of the 
thermal history of the material. Each of the other type ratios failed 
in one or more of these particulars. 

It is found that factors can be assigned to each of the various ele- 
ments considered, by means of which the Gladstone-Dale ratio for 
classes and crystals may be calculated. These factors are shown to 
be related to the periodic arrangement of the elements. 

Appropriate numerical factors for the Gladstone-Dale ratio for 
sodium light, and for the ratio (n»—n¢)/D (which may be called specific 
dispersion) are presented for all of the oxides commonly used in making 
optical glass, as well as for several other oxides not so used at present. 
It is shown how these two ratios may be used for obtaining a rather 
accurate estimate of the dispersive index, or v-value, of any glass of 
known or proposed composition. 
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STRENGTH AND ELONGATION OF SILK YARNS AS 
AFFECTED BY HUMIDITY 


E. Max Schenke and Howard E. Shearer! 


ABSTRACT 


Silk hosiery yarns varying in number of threads from 2 to 9 and in number of 
turns of twist per inch from 5 to 36 were tested for breaking strength and break- 
ing elongation at 70° F after various periods of exposure in relative humidities 
from 33 to 86 percent. The strengths of the yarns were not affected significantly 
by changes in relative humidity between 33 and 55 percent. The yarns were 
weaker above 55-percent relative humidity. ‘The elongations of the yarns 
increased with an increase in relative humidity of the air. ‘The elongation, on 
the average, increased 1 percent with an increase in relative humidity from 33 
to 43 percent, and 1.9 percent with an increase in relative humidity from 76 to 
86 percent. The average strength of all yarns was 3.41 g per denier when tested 

nder standard conditions. This figure seems to be independent of the size of 
the yarn, although the strength of a given size varies with the amount of twist. 
Sc me ds aig are given on the breaking strength and elongation of one-thread raw 
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I. INTRODUCTION 


In a previous report ? the authors showed that the moisture content 
of silk yarn is chiefly dependent upon the relative humidity of the 
atmosphere with which the silk is in equilibrium. The fact that this 
moisture affects the properties of the silk is well known to the hosiery 
and silk industry. For example, if the humidity is low, the silk will 
be harsh and brittle, resulting in the production of sleazy knitted 
fabric, and manufacturing difficulties will be increased by the genera- 
tion of static electric charges. If the humidity is too high, the troubles 
are almost as great. The silk will have a tendency to stretch and be- 
come limp, resulting in the production of tight and loose loops in the 
fabric and in on, Spe dimensions. There is also the danger otf 
corrosion of needles, and of loss of silk through the growth of mildew. 
Manufacturers, therefore, prefer to knit in an atmosphere having a 
relative humidity of 65 to 75 percen 


1 Director of Research and Research Associate, respectivoly, at the Nationa) Bureau of Standards, rep- 
resenting the National Association of Hosiery Manufacture: 
?E. Max Schenke and Howard E. Shearer, Moisture content of thrown silk affected by threads and twist, 


Southern Knitter (Jan. 1940). 
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Two of the important properties of silk yarn are its strength and 
breaking clongation. The present work shows how these properties 
are affected by differences in the relative humidity of the air and the 
consequent differences in the moisture content of the silk. 


Il. MATERIAL 


Preliminary data on the strength and breaking elongation were 
obtained on 13/15 denier, one thread, raw silk, furnished by two hosiery 
manufacturers. Each manufacturer furnished 4 samples of 10 skeins 
each. 

For the main part of the work thrown silk yarns of 2 to 9 threads 
and a variety of twists were used as indicated in table 1.2. Seventeen 
of these yarns were made from 1 bale of 1934 spring crop, nominal 
13/15 denier, 87 percent of Japan silk, and 1 yarn made from China 
silk of the same denier.* After soaking in sulfonated olive oil by the 
open-tub method, portions of the silk were thrown into yarns of speci- 
fied numbers of threads and twists. These yarns were wound on 
cones. One dozen cones were wound for each combination of thread 
and twist, and 3 cones of each thread and twist were selected from 
which to secure the test skeins. 


TABLE 1.—Size of thrown silk 


Denier per Denier per 

Number Twist thread at | Denier per| thread of 

of per 65-percent thread, boiled-otf 

thread inen relative ovendry silk, oven- 
humidity dry 


10. 4 
10.5 
9.9 
9.9 
10.9 


5.4 


| 
' 

COR | 
¥ | 
SS ae 
| 

j 

| 


9 


» ie | 


9.a 
10. 4 
10.4 
8 
l 


on 


9 


® China silk. 


III. TEST PROCEDURE 


Five test skeins of yarn, each weighing approximately 2.5 g, were 
wound from different portions of each cone selected. The skeins of 
thrown and raw silk were kept in a small conditioning room, where the 
moisture condition could be maintained at any predetermined figure 
within +2 percent relative humidity, and the temperature held con- 

3 The samples are from the same yarns for which humidity data have already been presented. (See foot- 


note 2.) 
4 The ‘‘denicr”’ of a silk yarn is the weight of a 450-m length expressed in 1/20-g units. 
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stant at 21° +2° C. The conditioning equipment changed the air 
in the room about twice a minute. Both humidity and temperature 
were continuously recorded on a bhygrothermograph, which was 
checked with a sling psychrometer each time a set of determinations 
was made. 

The yarns were first conditioned at the lowest relative humidity 
33 percent). Breaking strength and ultimate elongation tests were 
made approximately 6 hours after the yarns were placed in the 33- 
percent relative humidity atmosphere. Ten individual tests were 
made on single ends selected from three skeins of each yarn. These 
tests were repeated at approximately 24, 48, and 72 hours. Thus 40 
ests were made on each combination of thread and twist at one 
humidity. It required about 72 hours for the silks to reach equilib- 
rium, as indicated by their attaining constant weight.’ After tests 
at one humidity had been completed, the humidity was increased and 
the sik again tested after the same time intervals. Tests were made 
at 33-, 43-, 50-, 55-, 65-, 76-, and 86-percent relative humidity. The 
test skeins were kept in airtight containers during the interval re- 
quired to increase the relative humidity of the rooms to the next 
highest level. 

Tests were made on a single-end® breaking-strength machine, 
operating at a jaw speed of 12 inches per minute, with an initial 
distance of 10 inches between jaws. 


IV. TEST RESULTS 


The data from the preliminary tests of the samples of single-thread 
raw silks submitted by two hosiery manufacturers are given in tables 
2and3. The irregularity of the strengths (table 2) of the one-thread 
silk is so great that no conclusions may be drawn as to the effect of 
the moisture condition of the silk upon its strength. There is also 
considerable irregularity in the breaking elongations (table 3), but 
the averages of the elongations of all eight samples at each relative 
humidity show a definite trend for the elongation to increase as the 
relative humidity increases. 


TABLE 2.—Single-end breaking strength of one-ihread raw silk 


Percentage of relative humidity 


Sample number 


_'E. Max Schenke and Howard E. Shearer, Moisture content of thrown silk affected by threads and twist, 

Southern Knitter (Jan. 1940.) 

. In the textile industry the term “‘single-end breaking strength’’ designates the strength of a single yarn. 
his is to distinguish from the older practice of applying the breaking load to a skein which consists of a large 
mber of the individual yarns 
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TaBLe 3.—Breaking elongation of one-thread raw silk 


Percentage of relative humidity 
Sample number 








Table 4 gives the strengths of the 2- to 9-thread yarns. Tly 
strengths given are the averages of the strengths observed at 6, 24 
48, and 72 hours after exposure at a particular humidity. A fey 
tests made after 3 hours’ exposure at these various relative humidities 
indicated that the strengths thus observed were not significantly 
different from the strengths after 72 hours’ exposure. Apparently 
most of the change in strength with a change in relative humidit; 
took place within the first 3 hours of exposure to the new humidity 
There was likewise no indication that the strengths were significantly 
different at 6, 24, 48, or 72 hours’ exposure at any one humidity 
Therefore only the averages are given since no systematic variation 
in strength with time of exposure was found. The average of th: 
strengths of all yarns after 72 hours’ exposure at each humidity is 
given at the bottom of table 4. 


TABLE 4.—Average single-end breaking strength of thrown silk at various relative 
humidities 





Percentage of relative humidity 





Number | Twist 
of per 
threads inch | 33 43 50 


7 
| 


| 
55 | 65 | 76 | 86 
| 


} 





g yo. 4 2 o. 4 
113 | 107 104 102 | 101 85 
104 117 112 99; 91 
160 | 153 | 156] 156] 149 | 133 
157 | 156 5é 160 | 150 | 128 
178 | 178 3| 164] 170] 148 


1 
198 | 206 197 | 197| 182 
230 | 230! 215} 217/ 203! 183 
213 | 221} 210| 196| 199| 170 
263 | 273 | 263] 251 | 252] 246 
289 | 293 28 276 | 276 | 243 


261 | 258 | 270 | 261 | 244 
276 | 278 | 265| 273) 238| 208 
378 | 365 | 360| 363| 333| 315 
382 380 | 413 388 348 
373 | 385 | 364 | 345 | 306 


519 | 518} 474) 483 | 427 
519 | 508| 500/ 510 | 484/| 459 
476 | 478 | 480 | 477 | 453 | 428 


ae ee ro oy ae 283 | 284] 280 | 277!| 266| 241 
Average strength of yarns te, " 
tested at 72 hours_...._.!_..._.- s a 285 | 283! 282 274 





China silk. 
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Figure 1 gives the strengths of each of the yarns of table 4 at each 

of the relative humidities, and the average strength of all 18 yarns at 
e * 4. r . ° 26 . 

each relative humidity. This figure shows that with variation in 
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| Ficure 1.—The single-end breaking strength of thrown silk yarns at various relative 
humidities. 


j humidity the trend of the strength of each combination of thread and 
| twist was the same. 

» The average strengths of all yarns varied little, if at all, with 
| variation of relative humidity from 33 to 55 percent. The least and 
) greatest average strengths within this range of humidities, 280 g at 
» 33 and 55 percent and 284 g at 50 percent, were practically within 
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the experimental error of results. With increase in relative humidity 
beyond 55 percent, however, there is a continual decrease in strengt}; 
It should be noted that the change in strength which accompanied 
each change in humidity was so small that one could not expect thy 
tests made at different times of exposure to give much information as 
to the rate of change of strength with the steps in humidity used j; 
these tests. 

From figure 1 and table 4 it is apparent that for yarns of eacl 
thread group there is a tin sie h will give the greatest strength 
Thus for 4- to 9-thread yarns, the 4-18, 5-15, 7-15, and 9-15 yar 
have the greatest strength for yarns with like thread count. 

As with the strengths, the breaking elongations (table 5) were 
almost independent of the time the yarns were kept in the atmospher, 
at specified relative humidity before test. Therefore, the table gives 
iverages of all 4 durations. The table also gives the average of th 
ongations of all yarns at 72 hours after exposure. The averages of 
e elongations at 72 hours are slightly higher than the averages fo; 
al! durations of exposure, indicating a slight increase in elongation 
with time of exposure. However, only the averages for the 4 periods 
of exposure are given for the individual yarns since these average 
values are much more consistent than those at any one time of exposury 
[f the data for the 72-hour exposure are tabulated, there are 17 excep- 
tions to the rule that the breaking elongation increases with relative 
humidity; if the tests for the 4 exposure durations are averaged, there 
are only 9 exceptions. For a fourfold increase in observations wi 
would expect to decrease the deviations by 2 (2=1/4), which is the 
ratio of the number of exceptions found. 


4] 
el 
] 
*- 


TABLE 5.—Abverage single-end breaking elongation of thrown silk at various rela 
humidities 


| Num- | Twist 
Yarn number | ber of per | 
| threads, inch 


Percentage of relative humidity 


| 
| 
| 
| 


ea > Ww W te to 


NNN Oro 


3. 1 
2 
8] 210] 22 
Average - - : 16 5 17.5. 5] 18.2 18. 6 
Average —— m of yarns 
tested at 72 hours . es 16.6 17.6 18. 2 18.7 
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Figure 2 gives the yarns having the highest and the lowest breaking 
elongation and the average breaking clongation of all 18 yarns of 
table 5 at each relative humidity. This figure shows that with varia- 


, PERCENT 








30 60 
RELATIVE HUMIDITY , PERCENT 


Figure 2.—The single-end breaking elongation of thrown silk yarns at various 
relative humidities. 


tions in humidity the trend of the elongation of the combinations of 
thread and twist is the same. 

The breaking elongation increases with the relative humidity, but 
the increase is larger as the relative humidity increases. Thus, from 
33- to 43-percent relative humidity the elongations increased from 
16.5 to 17.5 percent (a difference of 1 percent), whereas from 76- to 
86-percent relative humidity the elongations increased from 21.5 to 
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23.4 percent, or almost twice as much difference in percent (14 
percent). 

There is a distinct trend for the breaking elongation to increase wit} 
the twist in all but the five-thread yarn. In this yarn there was no 
appreciable difference in the breaking elongation of the four twists. 

In table 6 are given the denier of ‘the yarns of tables 4 and 5, their 
breaking strength and breaking elongation at the standard condition ’ 
of 65-percent relative humidity, and 70° F, and the strength per denjer 
of each yarn. These strengths varied from 3.08 to 3.76 g per denier. 
with an average value of 3.41 g per denier. There was no significan; 
difference in the strength per denier of yarns containing different 
numbers of threads; however, there is a distinct difference in strength 
per denier of yarns with different numbers of twists. As with the 
total strengths of yarns, the strength per denier was greatest, in the 
4- to 9-thread group, for the 4-18, 5-15, 7-15 and 9-15 yarns. There 
is a slight trend for the breaking ‘elongation to be more for the yarns 
with the larger number of threads. 


TaBLeE 6 —Denier, breaking strength, and breaking elongation of thrown silk yarns 
at 65 percent relative humidity and 70° F 


(A), from table 4; (B), from table 5. 





T 
Denier of | (A) 
thrown | Breaking | 
yarn strength 


| Number | Twist 


| per inch Breaking | strength 


(B) | Breaking | 
| 
| elongation | per denier | 
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| 





32 
67 
50 


g | 
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251 


9 
ai 


¢ by . . b ee oF a) 
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* China silk. 


V. CONCLUSION 


The strength of the yarns varied little, if at all, with variation in 
relative humidity from 33 to 55 percent. With increase in humidity 
beyond 55 percent the strength decreased more rapidly as the humid- 
ity increased. The strength at 86-percent relative humidity was 
approximately 86 percent of that at 55-percent relative humidity, 
while the elongation was approximately 26 percent greater. The 
strength per denier was independent of the number of threads in the 
yarns, but did vary with the number of twists. 


WaAsHINGTON, September 28, 1940. 


? Federal Specification CC-T-191a requires that textile tests be made at a temperature of 70° F and 6 
percent relative himidity. 
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